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Abstract. We study the Wakimoto modules over the affine Kac-Moody algebras at the 
critical level from the point of view of the equivalences of categories proposed in our previous 
works, relating categories of representations and certain categories of sheaves. In particular, 
we describe explicitly geometric realizations of the Wakimoto modules as Hecke eigen-D- 
modules on the affine Grassmannian and as quasi-coherent sheaves on the flag variety of the 
Langlands dual group. 



Introduction 

Wakimoto modules, introduced in [W, FFl, FF2], have many applications in representation 
theory of affine Kac-Moody algebras. In our previous papers [FG1]-[FG4] we have undertaken 
a study of representations of affine Kac-Moody algebras at the critical level in the framework of 
the local geometric Langlands correspondence. Wakimoto modules play an important role in it. 
In this paper we elucidate further the geometric meaning of Wakimoto modules from the point 
of view of the equivalences of categories proposed in [FG2, FG4]. These equivalences relate 
categories of representations of the affine Kac-Moody algebras at the critical level to certain 
categories of D-modules and quasi-coherent sheaves. 

0.1. The first step in establishing a connection between representation theory of an affine 
Kac-Moody algebra at the critical level gcrit and geometric Langlands correspondence is the 
description of the center 3g of the completed universal enveloping algebra of gcrit- According to 
a theorem of [FF3, F], 3^ is isomorphic to the algebra of functions on the space Op^{D^) of g- 
opers on the punctured disc, where g is the Langlands dual Lie algebra to g. This isomorphism 
was proved in [FF3, F] algebraically, in the framework of representation theory of gcrit, and in 
particular using Wakimoto modules. It may be reformulated as an isomorphism 

(0.1) niapaig : Spec(3£,,x) ^ OPfl,x> 

defined for an arbitrary smooth algebraic curve X. Here jg^x is the center of the chiral algebra 
on X associated to gcrit and Op^ x is the scheme of jets of g-opers on X. 

We recall from [BD] (see also [FG2], Sect. 1) that a g-oper on X is a G-bundle on X equipped 
with a reduction to a Borel subgroup B and a connection satisfying a certain transversality 
condition. This means that Op^ x carries a tautological G-bundle equipped with a B-reduction 
and a connection along X. Defining a morphism Spec(3g_x) ^ Op^ x is equivalent to defining 
the pull-backs of these data to Spec(3g^x)- 

Can we construct these data on Spec(3g^x) in a natural way? This question was addressed by 
A. Beilinson and V. Drinfeld in [BD]. They constructed these data using the affine Grassman- 
nian Grc = G{{t))/G[[t]] and the geometric Satake correspondence which identifies the category 
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of G[[t]]-equivariant D-modules on Grc with the category Rep(G) of representations of G, see 
[MV] . Thus, they obtained a map 

mapgeom : Spec(30,x) ^ Opg . 

We recall its definition in Sect. 1.5 below. We note that the construction of the map mapgggj^ 
in [BD] relies on the existence of the isomorphism (0.1). However, a priori it is not clear whether 
mapgpQjjj coincides with map^^jg, nor whether mapg^^^jj^ is an isomorphism. Beilinson and Drinfeld 
proved this in [BD] by showing that both of these maps are compatible with actions of certain 
Lie algebroids and that this property essentially characterizes these maps uniquely. 

In Sects. 1-2 of this paper wc give a different proof of the fact that the maps map^^jg and 
mapggojji coincide. This proof uses Wakimoto modules in an essential way, in particular, their 
behavior under the "Harish-Chandra convolution" functors which was described in [PG2]. Using 
this additional structure, we will sec the emergence in representation theoretic context not only 
of the geometric data of opers mentioned above (the " birth of opers" , as Beilinson and Drinfeld 
had put it), but also the geometric data of Miura opers which parametrize Wakimoto modules. 

We remark that our proof of the coincidence of map^^jg and mapg^^j^^ also relics on the results 
of [FF3, F], in which the existence of (0.1) was proved, and so it does not give us an alternative 
proof of the isomorphism (0.1). However, it helps us understand better the geometric meaning 
of this isomorphism and the role of Wakimoto modules in it. This is the first main result of 
this paper. 



0.2. Next, we analyze the Wakimoto modules from the point of view of the equivalences of 
categories that appeared in our approach to the local geometric Langlands correspondence in 
[FG2, FG4]. 

Let lis denote by Jcrit modiog the category of discrete g-modules at the critical level on 
which the center 3g acts through its quotient 3ji°^ = Fun(Op^^), where Op'^^ C Op(5('D^) is 

the space of fl-opers on the formal disc D. Let gcrit -inod^(,g be its subcategory of J'^-equivariant 
0-modules, where 7° is the radical of the Iwahori subgroup / C G{{t J). The algebra Fun(0p2^) 

acts on the category 0crit -mod^gg in a natural way, so we may think of Qcrit -mod^gg as "nbered" 
over the space Op^^. In this Introduction, in order to simplify our notation, we will restrict 

ourselves to a "fiber" of this category, denoted by gcrit -mod^ , over a particular g-oper x- The 

objects of gcrit ~™od^ are /°-equivariant g-modules at the critical level on which the center 3g 
acts through the character determined by x- (In the main body of the paper we will work over 
the base Op^^.) 

We have constructed in [FG4] an equivalence of categories 

(0.2) r"-'^'' : D(GrG)Sf' -mod^° ^ flerit -modf 

(this equivalence is canonically defined for each trivialization of the flat G-bundle underlying 
the oper x, which we will assume fixed in what follows). Here D(GrG)^;j''®-mod^ is the 

category of /"-cquivariant critically twisted right D-modules on the affine Grassmannian Grg 
which satisfy the Hecke eigensheaf property (see [FG4], Sect. 1.1, and Sect. 3.2 below for the 
precise definition). 

In addition, there is another equivalence of categories 

(0.3) i)(QCoh((Fl*)^«)) ~i)(D(GrG)Sf^-mod)'°. 
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Here Fl*^ is the flag variety of G, and D(QCoh((Fl'^)-^'-')) is the derived category of complexes 
of quasi- coherent sheaves over the DG-scheme 

(Fl6)^« := Spec(Symo^^^(17i(Fl^)[l])). 

This DG-schcmc can be rcahzcd as the derived Cartesian product g x pt, where pt — > g cor- 

responds to the point G g, and g = {(x, b)|a; G b C g} is Grothendieck's alteration. The 
equivalence (0.3) follows from the results of [ABG], albeit in a somewhat indirect way. 
Combining (0.2) and (0.3) we obtain an equivalence 

(0.4) £)(QCoh((Fl*)^G)) ~ £>(g„it -modf ). 

The existence of such an equivalence is a corollary of the Main Conjecture 6.1.1 of [FG2] (see 
the Introduction to [FG4] for more details). 

We have a natural direct image functor 

(0.5) Z)(QCoh(Fl'*)) ^£)(QCoh((FF)^°)), 

and the second main objective of this paper is to describe explicitly its composition with (0.4), 
which is a functor 

(0.6) G : i?(QCoh(Fl^)) ^ DQ^it -modf ). 

(Note that unlike (0.4), the functor G is not an equivalence.) 

The functor G of (0.6) turns out to be closely related to Wakimoto modules, as we shall 
presently explain. This relationship confirms the basic property of the equivalence (0.4) (and 
the more general equivalence of the Main Conjecture 6.1.1 of [FG2]), conjectured in [FG2], Sect. 
6.1. 

0.3. Recall that Fl^ has a stratification by Schubert cells Fl^, where w runs over the Weyl 
group W of G. In [FG2], Sect. 3.6 we have explained that Fl^ is the parameter space for 
Wakimoto modules at the critical level (having a fixed central character x), and of "highest 
weight" w{p) — p. 

More precisely, for every w we have a functor from the category QCoh(Fl^)^ of 
quasi-coherent sheaves on Fl , which are set-theoretically supported on Fl^, to the category 
gcrit -mod^ . By definition, u^W is a kind of semi-infinite induction functor that is embodied 
by the Wakimoto module construction. 

The second main result of this paper, Theorem 4.8, asserts that, up to a certain twist, the 
above functor ,i,W is isomorphic to the restriction of the functor G of (0.6) to QCoh(Fl*^)tu C 

QCoh(Fl'^). In other words, the functor G "glues" the functors ^W, which are defined for each 
w &W separately, into a single functor. 

This fact has a number of interesting representation-theoretic implications. For example, 
let Ti , T2 be two quasi-coherent sheaves on Fp , supported set-theoretically on two different 
Schubert cells Fl^^ and Fl^^ . Suppose that Ti ^ T2 is a morphism between them. 

Since G is a functor, we obtain a homomorphism u>iW(Ti) i«2W(T2) of gcrit-Euodules. The 
existence of such a homomorphism is not obvious from the point of view of Wakimoto modules. 
However, examples of such homomorphisms have already existed: 

If we take Ti to be the structure sheaf on the big cell Flf C Fl*^, and T2 to be the quasi- 
coherent sheaf, underlying the D-module of distributions on a Schubert cell of codimension 
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1, the resulting morphism between the corresponding Wakimoto modules is the "screening 
operator" of [FF3]. 

As an application of the above results, we use the Cousin- Grothendieck resolution of the 
structure sheaf of Fl to construct a resolution of the vacuum module Vcrit at the critical level 
in terms of the Wakimoto modules, corresponding to distributions along the Schubert cells. 
The existence of such a resolution was conjectured in [FF3]. 

0.4. Let us now explain the structure of the part of the paper that analyzes Wakimoto modules 

and the functor G. 

In Sect. 3 we study the functor 

E : D(QCoh(Fl^)) ^ D(D(GrG)?rif^-mod)'°, 

obtained by composing the functor (0.5) and the equivalence (0.3). The composition of E and 
the functor r"''*« of (0.2) is the functor G of Sect. 0.6. 

The main idea is that the functor E is fixed essentially uniquely by the condition that it 
respects the action of the group G on both categories, where on the LHS this action comes 
from the G-action on Fl'', and on the RHS this action is as in [FG4], Sect. 2.1. 

In Sect. 4 we collect some basic facts about Wakimoto modules, as well as some material 
from [FG4], and state our main result, Theorem 4.8. 

Sections 5, 6 and 7 are devoted to the proof of Theorem 4.8. In Sect. 5 we treat a particular 

case of Theorem 4.8, namely the one oi w = 1 and the quasi-coherent sheaf Opjc, which 
corresponds to the vacuum Wakimoto module Wcrit,o- From this particular case, in Sect. 6 we 
derive the statement of Theorem 4.8 for the quasi- coherent sheaf Op^e for any w. 

In Sect. 7 we derive the general case of Theorem 4.8 up to a certain twisting functor that 
acts from the category QCoh(Fl'')iu to itself. To determine this twist, we need to analyze the 
action of the renormalized enveloping algebra ?7'^°"''^''*(5crit) introduced in [BD]. 

In Sect. 8 we review the definition of U''°^'''°^(Qcj:it) and make a digression describing the 
behavior of certain natural Lie algebroids on the schemes Spec(3g''^) and Op^''^ under the 
isomorphism mapg^^j^j. 

In Sect. 9 we analyze the interaction of the above algebroids and the Wakimoto functor, 
which will allow us to finish the proof of Theorem 4.8. 

Finally, in Sect. 10 we give another construction of some Wakimoto modules at the critical 
level by a procedure of renormalization. In particular, the Wakimoto modules appearing in the 
Cousin-Grothendieck resolution mentioned above can be obtained in this way. 

1. Comparison of two morphisms 

Let be a simple finite-dimensional Lie algebra, and G the connected simply-connected 
algebraic group with the Lie algebra q. We shall fix a Borel subgroup B G G. Denote by G the 
Langlands dual group of G, and let g be its Lie algebra. The group G comes equipped with a 
Borel subgroup B c G. 

Now let 0crit be the affine Kac-Moody algebra associated to the critical inner product Kcrit 
and flcrit ^mod the category of discrete gcrit-modulcs (see [FG2]). Its objects arc gcrit-modules 
in which every vector is annihilated by the Lie subalgebra q ^ f"C[[t]] for sufficiently large n. 
Let 
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denote the vacuum module, which is an object of the category gcrit -mod. Denote by 3fl the 
topological commutative algebra that is the center of gcrit mod. Let 3g'^^ denote its " regular" 
quotient, i.e., the quotient modulo the annihilator of Vcrit- It is known (see [FF3, F]) that 

(1-1) 3r = End3„ JVc.it) = (VeHt)^"*". 

Our goal in this section is to reprove a fundamental result of Beilinson and Drinfeld [BD], 
which compares two morphisms from Spec(3£i°^) to the scheme Opg**^ of opers on the formal 
disc Spec(C[[t]]): one is the Feigin-Frcnkel isomorphism [FF3, F], and the other is a morphism 
constructed by geometric means in [BD]. 

1.1. Recollections. Let X be a smooth complex curve. For a point x € X we denote by 0^; 
(resp., OCx) the corresponding completed local ring (resp., field), and write = Spec(Ox), 
2)J = Spec(3C,). 

To Q and an invariant inner product k on g one associates a chiral algebra Ag,K.x on X (see 
[CHA]). Denote the chiral algebra corresponding to the critical inner product Kcrit by ^g,crit,x- 
Consider the category of chiral yig^crit^x-modules, supported at a given point x € X. 

Let us choose a formal coordinate t at This choice defines a (tautological) equivalence 
between the above category and gcrit-mod, preserving the forgetful functor to the category 
of vector spaces. In particular, the vacuum object, i.e., the fiber ^g,crit,a: of /lg,crit,x at x, 
corresponds under this equivalence to Vcrit- For this reason, when we view ^g,crit,x as a chiral 
module over itself we will sometimes denote it by Vcrit, x- 

1.2. A digression. Set D = Spec(C[[i]]) and = Spec(C((t))). Let Aut(D) be the group 
scheme of automorphisms of C[[t]] that preserve the maximal ideal. Let Der(D) be the Lie 
algebra of all derivations of C[[i]]; it has a basis formed by elements Li = —t'^'^^dt, i > —1. 
Note that Lic(Aut(I')) is a subalgebra of codimension 1 in Der(D); the quotient is spanned by 
the image of L_i. 

We recall a general construction assigning to Aut(I')-modules (resp., (Der(I'), Aut(2)))- 
modules) quasi-coherent 0-modules (resp., D-modules) on a smooth curve X (see, e.g., [FB] 
for more details). 

Let Coordjf denote the Aut(2))-torsor over X, whose fiber over x G X, denoted by Coordx, 
is the scheme of continuous isomorphisms between 0^; and C[[i]], preserving the maximal ideal 
(equivalently, "formal coordinates" at x). Note that the tautological Aut(D)-action on Coords 
extends to a Der(D)-action. 

Let V be a representation of Aut(D). We form the associated 0-module on X, denoted Vx, 
by setting 

Aut(Ii) 

Vx ■= Coordx X V. 

We will call such 0-modules natural. In other words, the fiber of \l x at any x is identified 
with V for every choice of a formal coordinate t near x. The 0-module Vx carries a natural 
action of the Lie algebra of vector fields on X by Lie derivatives, that we we will denote by 
C,v 1-^ Lie^(v). 

For example, for an integer n, consider the character of Aut(D) given by Aut(D) Qm 
Gm, where the first arrow corresponds to the action of Aut(I') on the cotangent space to D at 

the origin. The corresponding natural 0-module identifies with lu^ , where tox is the canonical 
line bmidle on X and the superscript "n" denotes the nth tensor power. 

If V is a Harish-Chandra (Der(2)), Aut(D))-module, then Vjc acquires a natural left D-module 
structure. Let vx be a local section of Vx near x, and let us choose a formal coordinate at x, 
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thereby identifying Va; with V; let v G V be the value of vjc at x, and let ^ be a vector field 
defined in a neighborhood of x. We have the following relation: 

(1-2) (Lie^(vx)-^v;,)^ = ^(v), 

where ^ • refers to the left D-module structure on V^, and ^(v) to the Der(£))-action on V. 

The chiral algebra yig,crit,x itself is natural in the above sense (sec [FB], Ch. 19), and most 
chiral modules over it that we will consider in this paper will also be natural. Such modules 
are the same as Aut(D)-equivariant flcrit-modules. Thus, statements concerning such modules 
Mx (for all X simultaneously) are equivalent to Aut(2))-equivariant statements concerning V. 

1.3. Let 3g,x be the center of ^0,crit,x, regarded as a commutative D-algebra. A choice of a 
coordinate as above identifies the fiber i^^^ at x with 30°*- The topological commutative algebra 
'is,x, corresponding to i^^x and x & X (see [CHA] Sect. 3.6.18), identifies with 5g- 

Let Opj be the D-scheme of g-opers on X introduced in [BD] (in this paper we follow the 

notation of [FG2]). Its fiber over .t G X is the scheme Opg('D.r) of g-opcrs on the disc Tix at x. 
Again, a choice of a coordinate identifies Op^(Dj;) with Op^''^, the scheme of fl-opers on D, as 
subschemas in Opg(D^) ~ Opg(B^). 

According to the results of [FF3, F], there exists a canonical isomorphism of D-schemes over 

X: 

(1.3) mapg^ig : Spec(3g,x) ^ OPg.x • 

In particular, we have isomorphisms 

Spcc(3B,,) ^ Opj(D,), Spec(37) ^ Op^°8 . 
In Sect. 1.6 we will recall an important property of the isomorphism (1.3) that fixes it uniquely. 
On the other hand, in [BD] a different map 

mapgeom : Spec(3g,x) ^ Opg_^ 

was constructed, using the affine Grassmannian and the geometric Satake equivalence. We 
recall its definition below. We will then prove the following result: 

Theorem 1.4. The morphisms map^ig and mapg^^j^ coincide. 

This theorem was proved in [BD] by showing that these maps are compatible with the action 
of the Lie algebroids isomg y<=g and isomg op"=« (^'^'^ [FG2], Sect. 4), defined on their left and 
right hand sides, respectively, and that a map satisfying this property is essentially unique. 

Here we give a different proof in which we use the Wakimoto modules at the critical level 
and a key property of map^^jg established in [FF3, F] which we mentioned above. 

1.5. Definition of mapg^j^j^. Let us recall the definition of the map map^^^j^-^ from [BD]. Let 
GiQ = G{{tj)/G[[t]] be the affine Grassmannian. This is a strict ind-scheme; in particular it 
makes sense to consider the category D(GrG)-mod of right D-modules on Gr^. 

We have a natural action of G[[t]] on Gr^ (given by left multiplication), such that the orbit 
of every finite-dimensional subscheme of G[[t]] is still finite-dimensional. This insures that 
the category of G[[t]]-equivariant right D-modules on Gr^ is well-defined; we will denote this 
category by D(GrG) -mod'^"*". 

The category D(GrG) -mod*^"*'' is known to be semi-simple. Its irreducible objects can be 
described as follows. For A G A+ (here, and in the rest of this paper, A+ denotes the set of 
dominant coweights of G), let Gr^ c Gr^ be the G[[t]]-orbit of the point X{t) G G([t)), and 
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let Gtq be its closure. The irreducible objects of D(GrG) -mod*^''*'' are the irreducible right 
D-modules IC^^a corresponding to the strata Gr^.. 

By the geometric Satake equivalence (see [MV]), the category D(GrG) mod'^"*'^ has a natural 
structure of tensor category under convolution, and as such it is equivalent to Rep(G'). We 
will denote by V i-^ 3^v the corresponding tensor functor Rep(G) D(GrG) -mod*''''". For 
V = V^, the irreducible G-representation of highest weight A, the corresponding object 3^y^ 
is by definition isomorphic to ICr^x . For example, if y = C is the trivial representation, the 
corresponding D-module 3^v is the i5-function D-module i^i^crc the unit point of Gr^;. 

Recall now that over Gr^ there exists a canonical line bundle ^criti it is G[[f]]-equivariant. 
The action of Q{{t)) on Gr^ lifts to an action of flcrit on local sections of £crit (with the central 
element of 0crit mapping to the identity). 

Thus, we can consider the category D(Grf;)ciit mod of iLciii-twisted right D-modules on Gr^, 
and its G[[t]]-equivariant coimtcrpart, denoted D(GrG)ciit mod*^'''^'. The functor If J'^iLcrit 
defines an equivalence between the two categories (hut this equivalence, of course, does not 
commute with the functor of global sections). By a slight abuse of notation, for V € Rep(G) 
we will denote by 3^v also the corresponding irreducible object of D(Gr(5)crit -mod*^''*''. 

We have the global sections functor 

r : D(GrG)ciit mod 0ciii mod . 

The main result of [FGl] asserts that this functor is exact and faithful. 

In [BD] it is shown (using the results of [FF3, F]) that for V € Rep(G) there exists a locally 
free (Der(D), Aut(!D))-equivariant Sg^'^-module V3, such that 

(1.4) r(GrG,Jy)^V3 ® Verit. 

Moreover, the assignment V i-^Vt, extends to a tensor functor from Rep(G) to the category of 
locally free sheaves By the Tannakian formalism, it defines a G-torsor 3 on Spec(5B'^), 
equivariant with respect to the pair (Der(D), Aut(D)), such that 

V3 = X V. 

We will now consider the relative versions of the above objects over the curve X . Let Gr^^x 
be the global version of the afhne Grassmannian: this is an ind-scheme over X whose fiber at 
xgX is Grcx = G{X^)/G{d^). Globally, we have: 

Aut(Ii) 

GrG,x — Coordx x Grg, 

where Coordx is as in Sect. 1.2. In addition, Gt:g,x is endowed with a connection along X. By 
the same construction, the line bundle £crit gives rise to a line bundle i-crit.x on Gvg,x, and 
the connection on Gtg,x lifts to Cjcnt.x- 

Let Jets(G)jc denote the group D-scheme of jets of sections of the group scheme X xG over 
X; the fiber Jets(G)x of Jets(G)x at a; G X is by definition G{Ox)- 

We will consider the category D(GrG,x)crit -mod (resp., D(GrG_x)crit -niod"'*^*''^'"'''-^) of crit- 
ically twisted (resp., Jcts(G)x-equivariant) right D-modules on Gr^ x- Since each object of 
the form 3^v G D(GrG)crit -mod*^^'*'' for V G Rep(G) is Aut(I')-equivariant, it gives rise to a 
well-defined object of D(GrG,x)crit-mod'''^*'^'^^^, which we will denote by 3^v,x- 
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For any object J'x G D(GrG,x)crit -mod, the direct image of 3^x, considered as a quasi- 
coherent sheaf, onto X, is naturally a right D-module. Moreover, it has a natural structure of 
chiral ^Ig^crit.x-module. By a slight abuse of notation we denote it by T{Gtg,x,3^x)- 

From (1.4) we obtain that, globally over X, there exist 3g,j(:-modules V2,x, endowed with a 
connection along X, such that 

(1-5) r(GrG,x,yy,x) - V3,x ® V^h.x, 

and a G-torsor '?q ^ x Spec(3g,x) with a connection along X such that 

^5,x = yG,5,x X V. 

Furthermore, this G-torsor is endowed with a reduction to the Borel subgroup B C G, as we 
shall presently explain. 

Consider the object S^yX x G D(GrG,x)crit ^mod''''*''''^''-^ , corresponding to a dominant 

coweight A of G. By the semi-simplicity of the category D(GrG)crit -mod'^f'*'^, this D-module 
equals the 0-th cohomology of the *-extension of the constant critically twisted right D-module 
on the corresponding Jcts(G);!s:-orbit Gr^ C Gvg,x, the latter being by definition the line 
bundle iLcrit.x I 'S> ■ 

Recall now, that according to [BD], there exists a canonical isomorphism 

(1-6) ^crit.xlG.^ <^^c\ ^P*(4''^^)lGr^ ' 

where p : Gtg,x ^ is the canonical projection, and uix is the line bundle of 1-forms on X. 

Hence we obtain a map uix'^^ ~^ ^{Gtg,x, S'y,^)^^*''^'^^^- Using the isomorphism (1.5) and the 
fact that 

which follows from (1.1), we obtain a map 

(1.7) : 3s,x ® 4"'"^ - Ax- 

Ox 

Note that 3n jc ® t^x'^^ is a plain line bundle over Spec(3n x), i-e., it has no connection along 
' Ox 

X. 

It is easy to see that the system of maps satisfies the Pliicker relations (for the definition, 
see, e.g., [FG4], Sect. 4.1) and therefore defines a reduction of 3 x ^° ^- Moreover, it is 
shown in [BD] that this reduction to B satisfies the oper condition relative to the connection 
along X on y g 3 ^ . 

This defines the desired morphism mapg^^j^ : Spcc(3g^x) ^ OPg.x- 

1.6. The defining property of map^^ig. Let us now recall from [FF3, F] a property of the 
morphism map^jg that fixes it uniquely (we will follow the notation of [FG2]). Let ^crit,x be 
the commutative D-algebra on X, introduced in [FG2], Sect. 10.6. By definition, Spec(f)crit,x) 
is the D-scheme of induction parameters for Wakimoto modules. (We will review what this 
means below.) 

According to the results of [FF3, F] (see also [FG2], Sect. 10.8), we have a canonical map of 

D-algebras 

: is,x — >■ -J3crit,x- 



GEOMETRIC REALIZATIONS OF WAKIMOTO MODULES AT THE CRITICAL LEVEL 



9 



Let H = B/[B, B] be the Cartan group of G. Let be the ij-torsor over X, induced from 
the Gm-torsor, corresponding to the Une bundle Wx via the co-character p : Gm ^ H. 
Consider the D-schcmc Conn^(aj^), classifying connections on the i?-torsor cj^. 

Both Spec(iOcrit,x) and Conn^(a;^) are naturally torsors with respect to the D-scheme clas- 
sifying ()* = ^-valued one-forms on X. According to [CHA], 2.8.17, we have a canonical 
isomorphism 

(1.8) map^g : Spec(i3crit,x) ^ Conn^(a;^), 

respecting the torsor structure. 

Finally, recall from [F], Sect. 10.3 (see also [FG2], Sect. 3.3) that we have a canonical map 
MT : Conn^(a;^) Opg called the Miura transformation. 

The defining property of mapj^ig proved in [FF3, F] is that the diagram 



Spcc(i3crit,x) ^ Conn^(w^) 



(1.9) 



MT 



Spcc(3g,x) > Opgx 

is commutative, where r denotes the automorphism of Conn^(a;^), induced by the auto- 
morphism of H, given by A i— > — wo(A). (Note that this automorphism is well-defined on 
Connjj(cj^), since — Wo(p) = P-) Moreover, this property determines the isomorphism map^ig 

uniquely. 

Our strategy of the proof of Theorem 1.4 will be as follows: we will construct another map 
(1.10) map^ojjj : Spcc(^3crit,x) ^ Conn^(a-'^), 

in the spirit of the above construction of niapp-^Q^j , for which the diagram 



map 

Spec(^crit,x) > Conn^(a;^) 



(1.11) 



MT 



Spec(3g,x) Op^x 



is manifestly commutative. In addition, we will see that the maps map^^j^^ and r o map^ 
coincide, thereby implying Theorem 1.4. 

2. A GEOMETRIC CONSTRUCTION OF MlURA OPERS 

The construction of the map mapg^^^^j utilizes the Wakimoto modules introduced in [W, FFl, 
FF2, F]. In this paper we will mostly follow the notation of [FG2], Part III. 

2.1. Let ?)cvit,x be the topological commutative algebra, corresponding to the commutative 
chiral algebra ^crit.x and the point x X. There exists a canonically defined topological 
commutative algebra ijcrit, acted on by Aut(I'), such that every choice of a coordinate t at x 
defines an isomorphism ^crit,a; — dent- 
in fact, ^crit is the completed universal enveloping algebra of a certain canonical central (and 
in fact commutative) extension ijcrit of i){{t)). In what follows for fi G \)*, we will denote by 
TTcrit,,* the ^crit-module 
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where is the 1-dimensional representation of i)[[t]], corresponding to the character i)[[t]] -» 
Since i^crit is commutative, Trcrit,/^ is in fact a quotient algebra, which we wiU also denote 

RS Lt R,S res' 

by ^crit • For fi = 0, we have ^^.^j^ = ^crit' which identifies with the fiber ^crit,a; at x. 
The corresponding global chiral i^crit.x-module, denoted TTcrit.x, is, by definition, the vacuum 
module ijcrit.x- 

2.2. Wakimoto modules. In [FG2], Sect. 11.3 wc defined a functor W™" from the category 
of chiral ^crit,x-modules to that of chiral yig_crit,x-inodules. In the present paper we will only 
consider Wakimoto modules "of type Wq" ) so we will omit the superscript Wq from the notation. 

In particular, we obtain a functor 

W : iDcrit -mod g„it -mod . 

Set Wcrit,p W(7rcrit,,u'o(M))- remark that in [F] this module was denoted by W^^,k^, and 
in [FG2] by W™?t^^. For = we will denote by Wcrit,x the chiral yig^crit.x-module W{n^^i^ x)- 

Assume now that /x is integral. Then by [FG2], Sect. 11, the Wakimoto module Wcrit,/i 
is integrable with respect to the Iwahori subgroup / C G[[i]], i.e., it is naturally an object of 
0crit-mod^, where the latter denotes the category of /-integrable representations of flcrit- 

2.3. The starting point of our construction of the map map^^j^ is the following observation. 

Let Fl^*^ = G{{t))/I be the affine flag scheme of G. Let D(Fl^*^)crit-mod be the category of 
critically twisted right D-modules on Fl^ and D(F1q^)„ mod^ the corresponding 7-equivariant 
category. Recall that to M e gcrit-mod^ and J £ D(GrG)crit -mod^ we can associate their 
convolution 

J* M e D(0crit -mod)^ 

(see [FG2], Sect. 22.5 for precise definitions). In particular, for each integral coweight A of 
G we have an object ^ of D(Fl^)crit -niod^ (see [FG2], Sect. 12.1). It is the ""-extension 
of the twisted right D-module on Fl^ corresponding to the constant sheaf on the /-orbit 
/ • X{t) C FVq. The following proposition is a generalization of [FG2], Corollary 13.4.2: 

Proposition 2.4. For A G A+, there exists a canonical isomorphism 

respecting the action of Aut{D), where is a 1-dimensional AutCD) -module, corresponding 
to the character 

Aut(2)) ^ Gm ^"•^■^^ Gm. 

Proof. By [FG2], Corollary 13.4.1, there exists a non-canomcaZ isomorphism 

Hence, by Proposition 13.1.2 of loc. cit., there exists an Aut(!D)-equivariant line bundle ^-^^^ 
over Spec(i3^;j"'°^''^) and an isomorphism 

-'-'crit 

Consider the embedding Aut(D) given by loop rotations c € Grn ^ {t c-t). Since 

the weights of the resulting action of G on ^'^^ are non-positive, and C C ij^jt'^^^'^^ is 
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the weight zero subspace, the hne bundle •^^^^ is of the form ^^j^.'"'"'^'' ^ where ^j^_^_p is a 
l-dimensional representation of Aut(2)). 

The group Aut('E') acts on via its projection onto Wc have to show that the 

corresponding character of Gm is given by the integer + p,X). I.e., we have to compare 
the natural actions of Lq = —tdt G Der('D) on ^ * Wcrit,/j and Wcrit.jm and show that their 
difference equals the above integer. 

Let Kn be a one-parameter deformation of Kcrit away from the critical level, and consider the 
Wakimoto modules Wfi.^^ := W^^.^^, where jin is an fi-family of weights such that /i^ mod fi = 
/i. Each of these modules is endowed with an action of Lq via the Segal-Sugawara construction. 
When we shift this action by ^ • (Kft — '^crit) ^(Mfii Mfi "I" ^ ' P)) this limiting action at — Kcrit 
equals the natural one on Wcrit,/i- 

By [FG2], Proposition 12.5.1, 

where Vf^ is the weight such that {vn^fi) = {i^n ~ '^crit)(^) A)- Here /° is the pro-unipotent 
radical of / and we use the convolution functor, denoted by between /^-equivariant twisted 

D-modules on Fig = G{{t])/I^ and /"-equivariant 0KR-modules (note that since the weights 

on Wfij^^ are non-integral for generic h, it is not J-cqui variant, but only /"-cquivariant) . The 
corresponding /^-equivariant D-module j^^ on FIg was defined in [FG2], Sect. 12.1, where 
the connection between the convolution functors \ * M and i\ ^* M is also discussed. 

We obtain that in the limit Kn — > KcfH the resulting Lq action on ^ ★ Wcrit,;* differs from 
that on Wcrit,/:i by the limit of 

^ • (Kfi - Kcrit)~^(Mfi - - I'fi + 2 • p) - ^ • (kr - Kcrit)~^(/"fi,A'fi + 2 • p), 

which equals — (yu + p, A). 

□ 

2.5. Definition of map' ^0^. Let us consider the chiral ^g^crit.x-module Wcrit.x; it is obtained 
from Wcrit.o by the procedure described in Sect. 1.2. 

In a similar fashion, we can consider a global version of Fl^, and of the twisted D-modules 
J A *i ^ill denote the latter by jx* x- 

Consider now the chiral ^g^crit.x-module * x * Wcrit.x- From Proposition 13.1.2 of [FG2], 

we obtain that there exists a line bundle £1^ x O'^sr Spec(i3crit,x)5 endowed with a connection 
along X, and an isomorphism: 



(2.1) jx^^ ,, ^W„it,x ^ ^^,x Wcrit.x. 

The data A £^ ^ give rise a fl^-torsor on Spec(^crit,x), once we define isomorphisms 
(2-2) 4,x ® ^ix^^l-^^ 

florit.X 
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compatible with the triple tensor products. These are defined by the requirement that the 
diagram 

iA,*,^*(iA,*,X*Wcrit,x) > jil,*,X*{^^,x <^ Wcrit.x) 

ficrit.X 

L^+^ ® Wcrit.X > ® ■^^Ix ® Wcrit,X 

be commutative. 

Prom Proposition 2.4, we obtain that as a plain i^crit.x-module (i.e., disregarding the con- 
nection along X), Lfjx isomorphic to oj^'^^ (g) ijcrit.x (8 t^, where is a (constant) line. 

' Ox 

Thus, we obtain that the line bundles oj^'^'^ ^ i3crit,x on Spec(i3crit,x) acquire connections 

Ox 

along X. These connections are compatible with the isomorphisms (2.2). These data give rise 
to a morphism of D-schemes 

map'^ojn : Spec(i3crit,x) Conn^(w^). 

We will establish the following: 

Proposition 2.6. The map map' coincides with the map r o map^. 

A proof of this proposition will be given at the end of this section. We proceed with the 
proof of Theorem 1.4. 

2.7. Definition of the map mapg^^j^. Let MOp^j ^ be the (non-affinc) D-schcmc of Miura 
opers, as defined in [F] (see also [FG2], Sect. 3). By definition, it classifies opers on X, endowed 
with an additional data of reduction of the corresponding G-bundle to the subgroup B~ c G, 
compatible with the connection. (Here B~ C G is an opposite Borel subgroup that we choose 
once and for all.) 

Let M0p(5 ggjj C MOpq X be the open subscheme, classifying generic Miura opers, as 

defined in [F], Sect. 10.3 (sec also [FG2], Sect. 3.3). The genericity condition is that the above 
reduction to B~ is at all points of X in the generic position with respect to the reduction to 
B, given by the oper structure. 

By loc. cit. there exists a canonical isomorphism of D-schemes 

(2.3) MOpG,gen,x - Conn5(a;^). 

Thus, constructing a morphism map^^^ : Spec(^crit,x) Conn^(u;^) is equivalent to 
constructing a morphism 

(2.4) Spec(i3crit,x) ^ MOpg,g^„_^ . 

By definition, to define a map as in Sect. 2.4, we need to construct a G-bundle Tg. ^ on 

Spec(^crit,x), equipped with a connection along X, endowed with an oper structure, and a 
reduction to B~ , which is compatible with connection, and which is in generic relative position 
with respect to the reduction to B, given by the oper structure. 
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We define the G-bundle ^ x Spec(i3crit,x) with its oper structure as the pull-back 
from 3x0^ Spec(3g,x) via the map ^. To define a reduction to B~ on Tg, ^ ^ '^^ proceed 
as follows: 

We have the canonical embedding of chiral flcrit-modules 

(l> ■ Verit ^ Werit.O- 

For A G A+ consider the /-orbit Gr^'^ = I ■ X{t) in Grc- Let Jx.Gig,* ^® *-extension of 

the right D-module on this orbit corresponding to the constant sheaf. Observe that Gr^'^ is 

open and dense in the G[[f]]-orbit Gr^ = • A(t), so that we have a map 3^yx — > *• 

Furthermore, under the pro jcction FIg"' Grc the /-orbit / • A(i) C Fl^^ is mapped to Gr^'^ 
one-to-one. Hence, we have an isomorphism 

where ★ denotes the convolution functor between the category of twisted D-modules on 

Gvq and the category of G[[f]]-equivariant 0crit-modules (to which Vcrit belongs). Consider the 
composition: 

(2.5) r(GrG, ^v) ^ 3^vA * „ VcHt ^ h,. * Vent '^-^^ h,* * Went- 
Hence, using (1.4) and Proposition 2.4, wc obtain a map 

(2.6) ® Y„it ® Wcrit.o, 

^ ^reg 

where := iL^ g ~ ^[!^f^ (gi is an in the proof of Proposition 2.4 
However, by [FG2], Proposition 10.7.1, the map 

Vcrit iJerft ^ Werit.O 

,reg ' 

induces an isomorphism of the spaces of G[[<]]-invariants 

Cft-(WcHt,0)^[™. 

Therefore, the map (2.6) gives rise to a map of ijcrit.x-modules, compatible with the con- 
nection: 

The same construction can be performed over the base X, and we obtain a map 

(2.8) ® Vcrit,X^i:ix ® Wcrit.X, 

38, X ' jjcrit.X 



and hence a map 



(2.9) K"'^ : ® -^crit,x ^ -C^^^. 

3b, X 
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The maps k^''^ for A G A+ satisfy the Pliicker equations since the diagrams 



are clearly commutative. Therefore the system of maps {k^'^} defines a reduction of "Pq ^ ^ 

to B~ . By construction, this reduction is horizontal with respect to the connection. 

In order to show that this i?^-reduction is in generic relative position with the oper B- 
reduction it suffices to prove the following: 

Proposition 2.8. The composed arrow 

Ox ' ig.x ' Ox 

is an isomorphism, which is induced by a trivialization of the H-torsor {A i— > l^}. 
Let us assume this proposition and finish the proof of Theorem 1.4. 

First, Proposition 2.8 implies that the data (CPg ^ ^, , k'^'^) define a generic Miura opcr 
over Spec(^crit,Jf )• This gives rise to a map Spec(^crit,x) — ]^-IOPg,gen,X) which we compose 
with the identification (2.3) to produce the sought-after map^^^, 

The diagram (1.11) is commutative, since the map MT : Conn^(a;^) — > Op^ x is by defini- 
tion the composition of (2.3) and the tautological projection MOpg x ~^ ^Pg x- 

In view of Proposition 2.6, it remains to show that the map map^^jjj, constructed above 
coincides with map'^^j^. 

To see that, we recall from [F], Sect. 10.3 (see also [FG2], Sect. 3.3) that the map 
MOpjj g(,„ Connjj(a;^) of (2.3) is defined as fohows: 

Given a Miura oper, the genericity assumption implies that the iJ-bundle, induced from the 
i3~-bundle, is isomorphic to ojx, and hence, the latter acquires a connection. 

Therefore, the connection along X on every line bundle wl^"'^^ (8) .Qcrit JC) corresponding to 

Ox 

map^oj^, equals the one arising from the composed isomorphism of Proposition 2.8. The latter 
equals, by definition, to the connection on wj^'"^^ (8) i5crit,x, corresponding to the map map' ^om- 

Ox 

This completes the proof of Theorem 1.4. 

2.9. Proof of Proposition 2.8. It is enough to show that for a fixed point x G X the com- 
position 

(2.10) a;^'''^) ^r(GrG,y^x) ^jX**W-it,o ^a;^'''^) 0l^®WcHt,o 

is an isomorphism onto the sub-space wi''''^^ C Wcrit,0) corresponding to the generating 
vector of Wcrit,o- 

In fact, we claim that it is enough to show that the composition in (2.10) is non-zero. Indeed, 
according to [BD], Proposition 8.1.5, the image of wi'''^'^ in T{Gtg,3^y\) equals the subspace 

on which the operator Lq acts with the eigenvalue — (p. A) (all other eigenvalues of Lq being 
strictly greater). Similarly, the generating vector of Wcrit,o spans the subspace corresponding 
to the zero eigenvalue of Lq. 
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To show the non-vanishing of (2.10) we proceed as foUows. Let us apply to the two sides of 
the morphism 

the semi- infinite cohomology functor ff ^ (n((t)), n[[t]], ? (g) *o) (see [FG2], Sect. 18). 
As in [FG2], Sect. 18.3, we have a commutative diagram 

if^(n((i)),n[[t]],r(GrG, Jyx) ® * o) > {n{{t)),n[[t]], Ux,* *Wcrit,o) ® *o) 



ff^(n((f)),n[M],Vcrit®*A) 7J^(n((t)),n[M],Wcrit,o®*A)- 
It is easy to see that under the left vertical map the image of 

4"''^') r(GrG,3^^x)^t™ - if¥(n((i)),n[M],r(GrG,3^^x) ® 'fo) 
is mapped to the one-dimensional vector space spanned by the image of the canonical generator 
of Vcrit in 

Ve';P-i?^(n((t)).n[[t]],Verit®*A)- 
Under the bottom horizontal map the latter goes to the image of the the canonical generator 
of Wcrit.o in 

Cft =^ ^^^(n((i)),n[M],WeHt,o 
and, in particular, it is non-zero. 

2.10. Proof of Proposition 2.6. We claim that it is enough to show that the map 

T o map' : Spcc(jOcrit.x) Conn^(cj^) 

respects the torsor structure with respect to the D-scheme of [)*-valued one-forms on X. 

Indeed, the morphism map^ has this property and is an isomorphism, by definition. There- 
fore the difference of the two maps t o map'^^j^ — map^fg can be regarded as an (i* -valued 
one-form, canonically attached to the curve X. In particular, this one- form would be invariant 
under Lie derivatives by all vector fields, which implies that it is equal to zero. 

To verify the required property of the map map' with respect to the torsor structure we 
need to check the following: 

Consider the action of Der(D) on jj^ * Wcrit.o — 1^ Wcrit.o at some point x £ X, given by 
the formula (1.2). This action preserves the subspace of -invariant vectors. 

Recall that L_i G Der(D) denotes the element —dt- Let w be an element from the 1- 
dimensional vector space C ^ * Wcrit.o- 

We need to show that 

Z/_i • w mod C • w = {wo{X) <8) t~^) ■ w, 

where we identify (() (g) t''^ ■ <C[[t]])/C[[t]] with a sub-space of fcrit/{)[M] C i?^''^. The latter is a 
straightforward calculation, performed below. 

We may realize the action of Der(D) on ^ * Wcrit,o as the limit Kn — > Kcrit of its actions on 

given by the Segal-Sugawara construction, where i/ti is as in the proof of Proposition 2.4. 

Let us note also that in order to show that two elements of ^Jj^f^. ~ W^![.*q are equal, it is 
sufficient to analyze their images in 

Cft^^?^(n((t)),n[[i]],WeHt,o). 
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Let US regard H°S (n((f)), n[[t]], W^,_j/^) as acted on by the chiral algebra 55^^ iii the notation 
of [FG2], Sect. 10.2. Let f)fj be the corresponding central extension of f)((t)). 
We have a canonical isomorphism 

ff^(n((t)),n[M],W,,_.,) :=Ind|,,j(C-'"^), 

compatible with the Der(2))-action. 

Note that for = Kcrit the action of ^^^fj on (n((i)), n[[t]], Wcrit,o) , coming from its action 
on Wcrit,0) coincides with the one given by the isomorphism of chiral algebras ^^^u x — -QcritjX 
of [FG2], 10.6, composed with the automorphism, induced by r. 

To summarize, we need to compute the action of i-i, given by the Segal-Sugawara con- 
struction, on the [)^-module tt^ in the limit Kn —>■ /tcrit- 

If Vfi denotes the canonical generator in wn^-u^, we need to show that 

L-i ■ Vfi mod C • Vfi = —(A (8> t~^) ■ Vfi mod H. 

However, this coincides with the formula for the action of the operator L_i on the Heisenberg 
algebra ()'^ (see [F], Sect. 5.5). This completes the proof of Proposition 2.6. 

3. From 0-modules on Fl*^ to D-modules on Gr^ 

3.1. Let Fl^ be the flag variety of the group G, thought of as the quotient G/B~ . Consider the 
category QCoh(Fl°) of quasi-coherent sheaves on Fl^, and the corresponding derived category 
£>(QCoh(Fl^)). 

Consider the category D(GrG)^|^'^® -mod of Hecke eigensheaves on Grc, introduced in [FG4], 
Sect. 2.1 (the deflnition will be recalled below). 
In this section we will study the functor 

E : £)+(QCoh(Fl^)) ^ £)+(D(GrG)"?f "-mod), 

obtained by composing the equivalence (0.3) of [ABG] and the direct image functor (0.5), as 
was explained in the Introduction. The functor E will be left-exact. 

We should remark, however, that in this paper we will not formally rely on the results of 
[ABG]. We will construct a functor E "from scratch", with loc. cit. serving as a guide. 

We remark that the contents of this section have a significant intersection with Sect. 3.2.13 
of [ABBGM] and Sect. 3 of [FG4]. 

3.2. Let us first recall the definition of the category D(GrG)JJ?t'^'^ -mod.^ 

Its objects are the data of (J, ay, V F € Rep(G)), where 3^ is an object of D(GrG)crit -mod, 
and ay, V G Rep(G)), are isomorphisms of D-modules 

ay : J * 5Fy ^ y (g) J, 

G[[t]] - 

(here V_ denotes the vector space underlying the representation V) such that the following two 
conditions are satisfied: 

• If y is the trivial representations C, then the morphism ay is the identity map. 

"'^We remark that in [FG2] we used the category D(Gr(3)^;*'= -mod when the group G was of the adjoint 
type. It is easy to see, however, that the two categories are equivalent (see [AG]). 
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For V,W e Rcp(G) and U -.^V ^W, the diagram 

G[[t]] 'cm am 

av * idgr 
cm ^ 

G[[t]] - 



- G[[t]l - — 

is commutative. 

Morphisms in this category between {J, ay) and {J' , a'y) are maps of D-modules (/) : 3^ ^ J', 
and such that 

(idy i8)(/>) o ay = a'y o ((ji ^ idg-^,). 

Note that this category carries a canonical action of the group G. Indeed, for g G G and an 
object (5", ay) e D(GrG)CTit'^° -mod we define a new object as (S", g|y • ay), where g|y denotes 
the automorphism by means of which g acts on the vector space underlying V. 

3.3. Consider now the following general situation. Let 6 be an abelian category equipped with 

an action of G; let act* : C — > QCoh(G) eg) C be the corresponding action functor (we refer the 
reader to [FG2], Sect. 20.1 where the corresponding notions are discussed in detail). 
We will describe a general framework, in which one constructs a functor 

F : Z)+(QCoh(Fl'^)) ^ £'+(6), 

compatible with the G-actions. 

Suppose we are given a collection of G-equivariant objects M;^ e 6, A e A+, and a collection 
of G-equivariant morphisms 

defined for fi £ A+, where the LHS is endowed with a G-cquivariant structure via the diagonal 
action. We will assume that for /ii, /i2 G A G A+ the diagram 



(3.1) 



is commutative. 

One example of the above situation arises when C = QCoh(Fl'^) and M;^ is taken to be ■^jpjg, 
i.e., the G-cquivariant line bundle on Fl*^, attached to the weight A. Our normalization is such 

thatr(Fi6,i:^j^0 = ^^ 

We shall now perform the following procedure in this example that will allow us to expresses 
a large class of objects of QCoh(Fl'^) in terms of the line bundles £^^,5 : 

Let T be a quasi-coherent sheaf on Fl'^ obtained as the direct image of a quasi-coherent sheaf 
on an affine locally closed subscheme of Fl*^. 
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For fi S A"*" consider the direct sums 



and 



7+:= © r(Fl^,T®£-^g)®£^<s 
AeA+ " 



T++ := ® r(Fl*, T ® ^" e"'') • 



Note that we have a canonical map 

(3.2) T+ ^ X 
In addition, we have two maps 

(3.3) T++ =r T+. 
The first map comes from the canonical map 



tensored with the identity on each r(Fl , T (g) ^pjc5 '^)- The second map comes from the map 



V!" ® r(Fl'', T ® ^^j^g-") ^ r(Fl^, T ® 

tensored with the identity map on ^^^q ■ 

The proof of the following result is straightforward. 

Lemma 3.4. The map (3.2) identifies T with the co-equalizer of the map (3.3). 

We will now perform the same construction in a category 6 equipped with the above struc- 
tures. For 7 as above consider two objects of C defined as: 



F(T)+ := ^ © r(FF,T® £^,^g) ® M-^ 

and 



- - Fl"^ ' ^ 

AeA+ ^' 



/i,AeA+ 

The maps f3^'^ and (3.4) give rise to two morphisms: 

(3.5) F(T)++ ^ F(T)+. 

Define F(T) as the co-equalizer of the above maps. It is clear that if T is G (or i3)-equivariant, 
then so is F(T). Set 

(3.6) M„„ := F(C^J, 

where C^^ is the sky-scraper at the B-invariant point Wq G Fl*^. By the above, M^^ is B- 
equivariant. 

To extend the functor F to arbitrary quasi-coherent sheaves on Fl*^, we need to make a 
digression and discuss the following general construction. 
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3.5. Coherent convolutions. Let C be as above, M e 6 an object equivariant with respect to 
B c G, and let T be a quasi-coherent sheaf on Fl*^. Let us identify Fl*^ with the quotient G/B, 
by the action of G on the point u'o € Fl'^ G/B~ stabihzed by B. Let T be the B-equivariant 
quasi-coherent sheaf on G, corresponding to T. 

Consider the object T act*(M) € QCoh(G') (g) C. Regarded as an object of C, it carries 

Fun(c5) 

an action of B by automorphisms, compatible with the action of the latter on Fun(G) by right 
translations. 

We define the convolution T * M e C as 

(3.7) T*M=fT act*(M))^. 

^ Fun(G) ^ 

Keeping M £ 6 fixed, we can regard T i-^ T * M as a functor QCoh(G) 6. This functor is 

R 

evidently left exact, and we will denote by T * M its right derived functor. 

It is easy to see that if T is isomorphic to the direct image of a quasi-coherent sheaf on an 

afhne locally closed subscheme of Fl^, then we have an isomorphism T * M ~ T * M. 

Let us consider some examples of the above situation. Take first C = QCoh(Fl'^) with the 
natural action of G, and let M be Ct„o-the skyscraper at the the point wq G Fl*^. Since this 
point is fixed by B, the object C^^ is B-equi variant. 

It is clear that in this case the functor T 7*Cyjg is tautologically isomorphic to the identity 
functor. 

Suppose now that F is a Icft-cxact functor QCoh(Fl'^) C, compatible with the actions 
of G in the evident sense. Set := F(C^(,). This object is S-equi variant, by transport of 
structure. 

We then obtain a functorial isomorphism: 

(3.8) F(T)~T*M^„. 

Finally, let us consider the case 6 = D(Gr(5)^;j'^'' -mod, and let us write down the convolution 
functors more explicitly. 

Namely, for an object M := (S", ay) to be S-equivariant means that S", as an object of 
D(GrG) crit —mod, is endowed with an algebraic action of B by automorphisms, and the mor- 
phisms 

ay : J ★ ~ y J 
G[[t]] - 

respect the _B-action, where on the LHS the action comes by functoriality from the B-action 
on 5", and on the RHS it is diagonal with respect to the natural i?-action on V^. 

Then the object of D(GrG)crit -mod, underlying T* M is given by ^T0 . (It is also easy 
to write down the remaining data of T * M making it into an object of D(GrG)^it'^'' -mod.) 

3.6. Let us return to the framework of Sect. 3.3. Let M^^ be given by (3.6). From the 
construction we have: 

Lemma 3.7. For 7, which is the direct image of a quasi- coherent sheaf on an affine locally 
closed subscheme o/Fl*^, there exists a canonical isomorphism 

F(T) ~T*M^„. 
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We now define the functor 

F : D+ (QCoh(Fl'^)) ^ D+ (6) 

by the formula 

F(T) :=T?M^„. 

Lemma 3.7 implies that for 7 being the direct image of a quasi-coherent sheaf on an afJine 
locally closed subscheme of Fl'', this definition agrees with the one of Sect. 3.3. 

Let 'C-pje denote the line equal to the fiber of the line bundle ^^,6 point wo G Fl*^. 

We will regard it as equipped with an action of B given by the character woiX)- 

We have the following general assertion, valid in the set-up of Sect. 3.5, whose proof is 
straightforward: 

Lemma 3.8. Let M be a G-equivariant object of Q. Then for T G QCoh(Fl*^) and fi € k there 
exists a canonical isomorphism 

By construction, for A G A+ we have a map 

(3.9) £1^ ^M^^M^,, 

too 

of B-equivariant objects of C. Hence, by functoriality, and using Lemma 3.8, we obtain a map 

(3.10) M^^£jja*M^, :=F(£jja). 

We are going to show now that under some additional hypotheses the map (3.10) is in fact an 
isomorphism for large enough A G A+. We will make the following two additional assumptions: 

(A) The maps 0'^'^ : V "^x+fi '^''^''^ surjcctive once A is deep enough in the dominant 
chamber. (In our main example, namely, D(GrG)CTit^'' ~™od, the surjectivity will hold for all A 
that are regular.) 

(B) The objects are Artinian, and for every S-equivariant object M, which is Artinian as 

an object of C, the higher cohomologies of ^^^a * ^ vanish for all A that are large enough (i.e., 
deep enough in the dominant chamber). 
We start with the following 

Lemma 3.9. Assume that condition (A) holds. Then the map 



(3.11) -C"^ ^M^ 



Wo 



WQ 



is surjective for fi deep inside the dominant chamber. 

Proof. By assumption (A), there exists fi G A+ such that the maps (3'^'^ are surjective for all 
V G A+. Let fi' G A+ be such that fi' — jl =: v & A+. Then we have a commutative diagram 



(3.11) 
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and hence the image of the upper horizontal arrow is contained in that of (3.11), since the left 
vertical arrow is surjective. 

For an arbitrary fx" € A+ we can find v' € A+ such that jl' := fi" + v' satisfies fi' — fi & A+. 
Then we have a commutative diagram 

WQ WQ 
- / - // 

'too 

Since the upper horizontal arrow in this diagram (which comes from the map (8>Opi<5 — » ■^pjd) 
is surjective, we obtain that the image of ■C'pje <8)M/i" in is contained in that of ®M/i', 

rag ™0 

and the latter is contained in the image of (3.11), as we have seen above. 

Since is by definition the quotient of the direct sum ® g (8)M;^, whose components 

AeA+ ^^^0 

map to 'Mwo by means of (3.11), we obtain the statement of the lemma. □ 

Proposition 3.10. Assume that conditions (A) and (B) hold. Then the map (3.10) is an 

isomorphism for all A G A+ that are large enough. 



Proof. By assumption (B) and Lemma 3.9, M^j^ is Artinian. Applying assumption (B) once 
more, we obtain that ^^^o * '^wo has no higher cohomologies for A large enough. 

Let us prove the surjectivity of the map 
(3.12) M^^£jje*M^„, 
provided that A is large. 

Let M' denote the kernel of this map. Let A be large so that l^^^a * higher 
cohomologies. Assume also that A — /i is dominant. 

We obtain a short exact sequence 

that fits into the commutative diagram 

Lemma 3.8 (3.12) 



implying surjectivity of the right vertical arrow for A as above. 

Now we prove the injectivity of (3.12). Let M" denote the kernel of the map (3.9). By 
(B), we can find a finite collection of elements {fii, i>i), so that M" is contained in the image 
of © F'^' £;~ g'"''' (g) M^. under the difference of the two maps in (3.5). Let M'" denote the 

pre-imagc of M" in the above direct sum. Let us assume that A is such that ^^-^o * does 
not have higher cohomologies. To prove the injectivity of (3.12), it sufiices to prove that the 
map 

wo 
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is zero, but this follows from the commutativity of (3.1). 

□ 

3.11. An explicit resolution. Let us return to the case when T G QCoh(Fl*^) is the direct 
image of a quasi-coherent sheaf on an afHne subvariety of G. For a non-negative integer i 
consider the following object of 6 

j[ij,...,/ii,AeA+ 

Wc have i + 1 maps dj : F(T)"'"(*) F{7)'^^^~^\ where D° comes from (3.4), 5- comes from pi^*'^, 
and of with < k < i comes from the natural map V!^'' ig) V_'^''+^ yiJ-k+Hk+i _ 

Let be the alternating sum of the 5^'s. The commutativity of (3.1) implies that o?)^ = 
0, i.e., 

... ^ F(T)+(*+i) ^ F(T)+(^) F(T)+(^-i) ^ ... 
is a complex. Wc will denote it by £(F(T))+. 

Proposition 3.12. Under the assumptions of Proposition 3.10, the natural map £(F(T))+ — > 
F(T) is a quasi-isomorphism. 

Before giving a proof let us consider the following construction. For an element Aq G A"*", let 
£(F(T))+^ be a sub-complex of £(F(T))+ consisting of terms 

F(T)+f := © T{Fl^,7^L-\-'^'-----'^')^V'^' ^My 

- ° /ii,...,/ii,A;A-AoeA+ 

The next assertion holds in the general framework of Sect. 3.3: 
Lemma 3.13. The embedding 

(3.13) m'y})tx, e:(F(T))+ 

is a quasi-isomorphism. 

Proof. As in (3.5), we have two pairs of maps 

e:(F(a-® i:;j^))+ ^ e:(F(T))+, and m^^i^^^SKx, ^v^° ^ ^(fW)>ao 

but it is easy to see that they are tautologically pairwise homotopic. 

Let y C Fl*^ be an affinc subvariety, which 7 was the direct image from. Let us choose a 
splitting, denoted by s, of the surjection 

Then for each jl we obtain a splitting 

r(Fi'^, T (g) i:pj^"^°) (8) ^ r(Fi<^, T o Ji'^^). 

We obtain a map 

€{F{7))+ ^ C(F(T® i:;j^))+ ©z^° e:(F(T))+^^, 

which is easily seen to be the inverse to the embedding (3.13), up to homotopy. 

□ 

To prove Proposition 3.12 we shall first consider the case when e = QCoh(Fl<^) and F is the 
identity functor. 

Lemma 3.14. Proposition 3.12 holds for G = QCoh(Fl^) and F = Id. 
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Proof. In the case under consideration, we will use a shorthand notation £(7)+ (resp., £(T)^^^). 

For a given T it suffices to show that for any Ao € A+ the complex of vector spaces 
t(fi'^, (t{7)+ (g) is quasi-isomorphic to r(Fl*,T(g) ^^J,,)- 

The above complex is tautologically isomorphic to the complex F^Fl^, (t(T0£p°Q)^^^^ , and 

by Lemma 3.13, the latter is quasi-isomorphic to F^^Fl^, e:(T(g)i:V )+^ . Setting T' := T^ilV , 
we need to verify the exactness of the complex 

fi,i,...,(ii,(ii+ieA+ 

r(Fl^,T'(g)£-^^— (g)...(g)V:''- ^ ... 



ni,...,i^ieA+ 



M6A+ 

However, this complex admits an explicit homotopy 



r(Fl^, T' ig) ^V^^ F(F1°, T'). 



Ai>--->>AieA+ 



□ 



p.i,...,iii,fii+ieA+ 
obtained by taking /i^+i = 0. 

Now we are ready to prove Proposition 3.12: 
Proof. According to Lemma 3.13, it suffices to show that 

is a quasi-isomorphism for any Aq G A+. We take Aq to be sufficiently large so that the 
conclusion of Proposition 3.10 holds. 
Then we have: 

and the assertion follows from the fact that £(T)tr is quasi-isomorphic to T, as we have seen 

^ > Ao 

above. 

□ 

3.15. The functor. We are now going to apply the above general discussion to the category 

C = D(Gr(3)^;^'^'' -mod, and construct the sought-after functor 

E : i?+(QCoh(Fl'^)) ^ 7?+(D(GrG)?rif° mod). 

Let R{G) denote the left-regular representation of G, and let J^jk^q^ be the corresponding 
object of D(GrG)crit -mod. However, it is easy to see that 5'/j(c5) is naturally an object of 
D(GrG)CTit''''-™od, and, moreover, as such it is G-equivariant. Furthermore, the assignment 

G[[t]] "('^^ 

defines an equivalence between D(GrG)crit -mod and the category of G-equivariant objects of 
D(GrG)^4'^''''-mod. 
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Following [FG4], we will denote the above functor also by Ind^'"^'^°. When viewed as a functor 
D(GrG)crit -mod — > D(GrG)CTi*'* -mod, it is the left adjoint to the tautological forgetful functor. 

For an element A € A+ consider the G-equivariant object of D(Gr(j)CTit'^*'~niod equal to 

Ind«-^^OA,Gr.,J- 

Lemma-Construction 3.16. For two elements \fi & A+ there exists a canonical map 

(3.14) ® Ind"^^'^(i^,G.,, J - Ind"^^'^(i^+,,G.,, J- 
Proof. We can rewrite 

and 

Ind"''*''(iA+/i,GrG,*) - *iA,GrG,* 5'^(G)- 
The sought-after morphism comes from the map 

□ 

It is easy to see that the morphism of Lemma-Construction 3.16 respects the natural G- 
equivariant structures on both sides, and the resulting diagrams (3.1) are commutative. 

Thus, we find ourselves in the framework of Sections 3.3 and 3.6. Wo set E to be the 
resulting functor £>+ (QCoh(Fl'^)) D+(D(GrG)^rif °-mod). We let denote the object 
E(Wo) G D(GrG)Sif''-mod. 

3.17. By the results of the previous subsection, for every A G A+ we have a canonical map 

(3.15) Ind"°^'^(jA,G.,,J - ^J,<5 * £{1:'^^^). 

We claim that assumptions (A) and (B) of Proposition 3.10 hold in our situation. Indeed, 
assumption (A) follows from [ABBGM], Proposition 2.3.2. The Artinian property of assumption 

(B) follows from [ABBGM], Corollary 1.3.10. To prove the cohomology vanishing property, we 
can assume that the object in question is irreducible. Hence, again by [ABBGM], Corollary 
1.3.10, it is of the form Ind"'''^'''' (J) for some irreducible J e D(GrG)crit -mod^, and the B- 
equivariant structure is given by some character A' e A. The vanishing of higher cohomologies 
follows from the Bott-Borel-Weil theorem for all A with A + A' e A+ . 

Thus, we obtain that the map (3.15) is an isomorphism for all A that are deep enough in the 
dominant chamber. We shall now establish a strengthening of this result: 

Proposition 3.18. The map (3.15) is an isomorphism for any A e A+. 

This proposition implies that our functor E coincides with the one coming from the equiva- 
lence of [ABG]. Before giving a proof we need to make a couple of observations. 

Since the objects q^.^ ^ are 7-equi variant, by construction, the functor E factors as 

i)+(QCoh(Fl*)) ^ £>+(D(GrG)^,!f''-mod)'^ Z?+(D(GrG)Sf ''-mod). 

In particular, its image belongs to D^{D{GrG)^itt^'^ -mod) , the latter being a full triangulated 
subcategory of £)+(D(GrG)^rif''-mod). 
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Proposition 3.19. For A G A+ and T G £>+ (QCoh(Fl'^)) there exists a functorial isomor- 
phism 

E(£jj^ ® T) ^ jj,,, * E(T) e D+(D(GrG)S!f ^-mod)' 

Proof. By the construction of the functor E, it suffices to show that » ^W^^ is isomorphic to 

-Cpjg (Xi as a _B-equivariant object of D(GrG)^'5[^'*^'^ -mod'^. 

Since the functor ^-^7 is right exact, ^ ^V^wo equals the co-cquahzcr of the maps 

/i,A' ™o A" 

Recall that i^,* *Ind"''**'(jA',GrG,*) - Ind"'''^''''(i;^_^j^,_c,j.^_ J. Therefore, we obtain that the 
assertion of the proposition holds from Lemma 3.13. 

□ 

We are now ready to prove Proposition 3.18. 
Proof. Let A be as in the proposition, and let A' be large so that the map 

is an isomorphism. Let us apply the functor j^, ^-kl to the two sides of (3.15). We obtain a 
commutative diagram 



Fr 



G) 



Proposition 3.19 



IndH--(,,,,,,,^^,J ^ E(£j+^'), 

and our assertion follows from the fact that the functor j-y ^-k? is a self- equivalence of 
£>+(D(GrG)^,tf''-mod)^ 

□ 

4. Identification of Wakimoto modules 

The goal of this section is to formulate a result, Theorem 4.8, that will describe Wakimoto 
modules in terms of the equivalence (0.2) and the functor E. 

4.1. The category. We begin by spelling out the constructions of the previous section in a 
relative situation, namely, over the scheme Spec(3g'^^) = OPg'^^- Recall that over Spec(3g°^) 
there exists a canonical G-torsor, denoted T^, ^ , that corresponds to the tautological G-torsor 
Opicg over Op^*** under the isomorphism SpecOg"^) OPg''^ induced by map^jg = mapg^^jn- 
We will denote by J*^ ^ its reduction to B, corresponding to the oper structure on y^op"^- 
For V e Rep(G), recall that V3 denotes the associated vector bundle over Spec(3g'^^). 

Following [FG4], we introduce the category D(GrG)^jJ:''°^ -mod as follows. Its objects are 
the data of (5", ay, V V € Rep(G)), where 3' is an object of D(GrG)crit-inod, endowed with 
an action of the algebra by endomorphisms, and av,V G Rep(G)), are isomorphisms of 
D-modules 

av : 5"* ^ V3 J, 

3r 

compatible with the action of 3fl'^* on both sides, and such that the following two conditions 
are satisfied: 
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If V is the trivial representations C, then the morphism ay is the identity map. 
For V,W G Rep(G) and U :=V(SiW, the diagram 



idv, 0aw 

V3 (8) (J^Jvv') > V3 O W3 (8) 5- 

Jg Jg Jg 

is commutative. 

Morphisms in this category between (S', ay) and (3^', a'y) are maps of D-modules iji : 5" — > 3^' 
that are compatible with the actions of on both sides, and such that 

(idvj <8)</') oay = a'y o ★ idg-^,). 

Note that the G-torsor 3 can be (non-canonically) trivialized. A choice of such a triv- 
ialization defines an equivalence between D(Gr(5)^;j'^''^ -mod and the category consisting of 
objects of D(GrG)CTit^'' -mod, endowed with an action of the algebra d'g^- 

Let R{G)-^ denote the direct image of 3g°^ onto pt /G, regarded as an object of Rep(G), 
endowed with a commuting action of 3g°^- Let S^jk^g)^ corresponding object of 

D{Grat:t' -mod. 

As in the case of ^'/{((j) , one shows that 3^f{(^G)3 is naturally an object of D(GrG)CTit'^**^ -mod. 
Moreover, the assignment 

G[[i]] -^("^^ 

defines a functor D(GrG)ciit mod D(GrG)^;j'"'^ -mod, denoted, Ind^''*''^, which is the left 
adjoint to the tautological forgetful functor. 

4.2. The functor to gcrit -modj-cg- Let us now recall the definition of the functor r^'^'^'^^s ; 
D(GrG)^Hf°' -mod^gcrit-modreg, following [FG2] and [FG4]. 

Consider the groupoid 
(4.1) Isomg^^eg : Spec(3^^^) x _ Spec(3;°8), 

pt/G 

where the morphism Spec(3g°'^) pt /G corresponds to the G-bundle 3 on Spec(3™^). Let 
lisomg grog denote the unit section Spec(3B'^^) lsomQ3rog. As shown in loc. cit., for every 

object G D(GrG)"rif'''' -mod, the gcrit-module r(GrG,5''^) carries a natural action of the 
algebra Fun(lsom(j 3reg) by endomorphisms. We then define the functor r^'^'^'^^s by 

J^^r(GrG,3^^) ® 3^8. 

Fun(lsomg_3reg),l*„„^^^^^^^ 

For 3" e D(GrG)crit-iiiod we have a natural isomorphism: 

pHeckej (Qj.^^ Ind"""''^3 (J)) ^ r(GrG, J). 
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In [FG2] we conjectured that the functor r^'''^'^''^ ig exact and defines an equivalence of 
categories D(GrG)CTi*'*^ -mod and 0crit~niodreg- In [FG4], Theorem 1.7, we proved that the 
corresponding functor 

(4.2) D(GrG)Sf -mod^° ^ fledt -mod^^g, 
between the /^-equivariant categories, is indeed an equivalence of categories. 

4.3. The functor E^. Let be the group-scheme over SpecOg"^) equal to the adjoint twist of 
G by means of CPp By construction, D(GrG)^j.^j °^ -mod, viewed as a category over Spec(3fl'^) 
carries an action of G^ in the same way as D(GrG)|^j.^j'*° -mod carried an action of G. 

Let S3 denote the group-subscheme of G3 , corresponding to the reduction 3 of 5*^ ^ to 
B. Let FI3 be the scheme over Spec(3g''*), classifying reductions of 3 to B~ c G, i.e., 

Flf = 3 X Fl*^ . 

The group-scheme G3 acts naturally on FI3 . 

The _B3-orbits on FI3 are in a natural bijcction with the elements of the Wcyl group; for 
w ^ W we will denote by Fl^ 3 C FI3 the Schubert stratum, corresponding to the coset 

For w = 1, this is an open subscheme of FI3 . For w = Wq, the subscheme F1Sq,3 C FI3 is 
the section of the natural projection 

p : Flf ^ Spec(3D, 

corresponding to the reduction ? ^ 3 of 3 . The stabilizer of Fl^^^ 3 in G3 is, by definition. 

For A e A+, let ^^^o denote the corresponding G3-equi variant line bundle on FI3 , normalized 
so that 

As in the case of Fl*^ and D(GrG)CTit'^'' -mod, we construct a functor 

(4.3) E3 : D+ (QCoh(Flf )) ^ D+ {j^iGTat^^^^ -mod) . 

It is obtained as the convolution E3('J) = T^W^^, where W^^^ is a B3-equivariant object of 
D(Gr(3)|^j.^j'^°' -mod that can be recovered as E''(OpjG ). 

Explicitly, for 7 being the direct image of a quasi-coherent sheaf on an affine locally closed 
subscheme of FI3 (in particular, for T = Opjc ), the object E3(J) is defined as follows: 

wo, 3 

Set 
and 

Then E^ (T) is, by definition, the co-equalizer of the map 

e3(T)++ =r e3(T)+. 
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We now set = E3(0pjG ). It follows from the construction that W^,^ is a B-2,- 

equivariant object of D(Gr(5)^j,^ -mod. Having defined we define the functor (4.3) 



as follows: 

We have a functor 



acts ■■ ^{GrGt:t' -mod - QCoh(G3) ® ^{GrGt:t' -mod 

corresponding to the action of G3 on D(GrG)CTit'^''^ -mod. Let T be a quasi- coherent sheaf on 
FI3 and T the corresponding B3 -equivariant quasi-coherent sheaf on G3. We set 

(4.4) E3(T):=T*W3^:=i?Inv(B3,f ® act5(W3j ] , 

V Pun(G3) / 

where iJInv [B^,,!) denotes the derived functor of B3 -invariants. 

The object of £>+ (D(GrG)crit-mod), underlying E3(T), can be explicitly written as follows: 



E3(T)=i?Inv LB3,T O 



Wo 



The next lemma follows from Proposition 3.18: 
Lemma 4.4. For A G A+ we have: 

E3(£^^^)^lnd«-^''^(J3,,(,,^,J. 

Let now A and /t be two elements of A+. As in Lemma-Construction 3.16 we have a canonical 
map 

(4-5) n X (^'^'G-'*^ ^ OA+,,Gr«, J, 

and a commutative diagram: 

E3(p*(V§)®£j,j) . ®Jnd«-'^^Mj._^^^_j 

1 

Finally, as in the case of E, the functor E^ factors as 

i)+(QCoh(Flf )) - D+(D(GrG)Sf -mod)^ - i)+(D(GrG)Sf -mod), 
and as in Proposition 3.19, we have: 

(4.6) i^^,*E3(T)^E3(£j^^®T). 

4.5. The functor G. Let us denote by G the functor 

pHecke, ^ e3 : i^+(QCoh(Flf )) ^ D+{g„it niodreg)'". 

The goal of the rest of this paper is to describe the relationship between this functor and 
Wakimoto modules. 



GEOMETRIC REALIZATIONS OF WAKIMOTO MODULES AT THE CRITICAL LEVEL 



29 



4.6. Fl^ and Miura opers. Recall the D-scheme MOp^ x of Miura opers, and let MOpg**^ 
be the corresponding scheme, attached to the formal disc. By the construction of mapg^oj^) 
it identifies the G-torsors over Spec(5g'*^) and 'S'q q^ios over Opg**^. Hence, we have an 
isomorphism 



^3 

(4.7) P 



Flf MOp^^s 



map 



Spec(3^;^) -= Op^g . 

For every w G W, let MOp|'''^'*^ C MOp^**^ be the corresponding Schubert cell; under the 
isomorphism (4.7), MOpg'''''^ goes over to Flf 3. Let MOpg '^^'''''^ (resp., Flf ^11,3) denote the 
formal neighborhood of MOp^''''*^ in MOp^^^ (resp., of Flf 3 in Flf). 

Recall the D-schcme Conn^(w^), and let Conn^(wj,) (resp., Conn^(a;^x)) be the scheme 
(resp., ind-scheme) of its sections over the formal (resp., punctured) disc around x. Recall 
the isomorphism (2.3) Conn^(a;^) — MOpj ge„ x- Taking the fibers at a; e X we obtain an 
isomorphism 

Connjj(w^) ~ MOpi-''''^ 

From [FG2], Sect. 3.6, we obtain that the above isomorphism generalizes to the following 
canonical isomorphism 

(4.8) Conn^(w^J x Op'^^ :^ U MOp^'*^''"^^ 

From (1.11), we obtain a commutative diagram of ind-schemes 

^ map^ 

Spec(i3crit) Conn^(u;^x) 

MT I 



■1 



SpecOs) Opg(DX). 
Combing this with (4.8), we obtain an isomorphism 

(4.9) Spec(^crit) X Spec(3^<^^)^ ^^^^M^ 

Spec(39) ""eVT 

which will play a crucial role for the rest of this paper. 

4.7. Relation to Wakimoto modules. Recall from Sect. 2.2 the functor W : ^crit~iiiod — > 
5crit -mod. In particular, we obtain a functor 

QCoh(Spec(i3crit) X Spec(3;^8)) flcrit -modreg • 

^ Spec(3g) ' 

Using (4.9), for each element w of the Weyl group, we obtain a functor 

(4.10) : QCoh(Flf th,3) ^ Scrit -mod.eg . 

The direct image functor identifies QCoh(Fl^ 3) with a full subcategory of QCoh(Fl3 ). 
Our main result compares the functors and Glq^^j^^pje ^y. 
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Theorem 4.8. ForJe QCoh(Fl^ 3) th ere exists a canonical isomorphism: 



tu,th,3 



4.9. Some particular cases. For a weight e f)*, let Wdit,^ be the corresponding Wakimoto 

module (see Sect. 2.2). By definition, it is induced from the jOcrit-module Fun(i3^;^'"'°^'*'). 

Its support over SpecOg) is contained in Spec(3g'^'^^~^°^'*^'''''^)- Let us take fj, = 'w{p) — p; 

then Spec(3f '"^""'°^^^+''^) = Spec(3f 
We introduce the module 

,nilp 

This is the maximal quotient of Wcrit,u;(p)-p that belongs to the category flcrit -modreg- In 
the particular case when w = 1, the module Wcrit.o is itself supported over Spec(3g''^), and so 
Wcrit.o — *■ Wcrit,i,reg IS an isomorphism. 

Wc would like now to apply Theorem 4.8 and describe the above modules in terms of objects 

ofD(GrG)f,°f''-niod. 

For every A G f)* we can consider the D-scheme Connjj(w^)^^''^, whose restriction to X — x 
is isomorphic to Conn^(w^), and whose fiber at x identifies with Connjj(wj,)^^'^, where the 
latter is as in [FG2], Sect. 3.5. By definition, Conn^(a;^)'^^'^ is the scheme of connections on 
the _ff-bundle uj'^ that have a pole of order 1 at a; with residue A. 

Let us take X = p — w{p). By [FG2], Sect. 3.6, the morphism 

Conn5K)^MOpj,^, 

given by (2.3), composed with the tautological embedding MOpg ^ ^ ^^Pg,x extends to 
a map of D-schemes 

(4.11) Conn^«)i^S,,-«,(p) ^ Qp^'^l, ^ MOpg,^, 

where Opg|^ is the D-scheme of opers with a nilpotent singularity at x. 



The resulting map on the level of fibers fits into a commutative diagram 



(4.12) 



Conn5(u;^)RS.^-«'(p) x Op^^^ — ^ MOp^'-''^^ . MOp^' 

Opf" 



Connfv(a;^,) x Op^''^ U MOp^'*^''""^ 



reg 
3 



The left portion of the upper horizontal arrow is an isomorphism, and hence it identi- 
fies Connfj{LOq))^^'''~^^''^ X Op^**^ with the reduced scheme of a connected component of 

Conn5(u;^,) x Op^^^, 

Combining this with the isomorphism ij^?^"'"^"'^^'* ~ Conn^(a;2,)^^'''~'^('''', induced by 
map^o^, we obtain an isomorphism: 

(4.13) Specte-"^'"^'')-'') ® 3r«)^<3- 

Ja 
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where regular functions on the (affine) scheme on the LHS is, by definition, the ijcrit-module 
that Wcrit,«;(p)-p,reg IS iuduccd from. In other words, 

Wcrit,«)(p)— p.reg — luW(Op[e ^ ). 

Let US introduce a short-hand notation := E3(0pjG ). As we will see below, for every 
A G A and w £ W, the restriction of the line bundle ■C^pjc to Fl^ ^ is constant and isomorphic 
to (^^^j (g) Opjc5 , where (^^^^ is as in Proposition 2.4. Hence, we obtain: 

Theorem 4.10. There exists a canonical isomorphism 

Wc should note that a particular case of Theorem 4.10, namely, for w = wq has been 
established in [FG4], and it was a k(^y calculation on which the proof of the main result of loc. 
cit. was based. The method of proof of Theorem 4.10 for a general w presented below will be 
quite different. 

Taking w = 1, we obtain the following description of the "main" Wakimoto module: 

Theorem 4.11. There exists a canonical isomorphism 

Wcrit,o^r«-'^"MGrG,W3). 

Our strategy for the proof of Theorem 4.8 will be as follows. First, we will prove Theo- 
rem 4.11; this will be done in Sect. 5 by a rather explicit argument. Then, in Sect. 6, we will 
prove Theorem 4.10. In Sect. 7 we will prove a weakened version of Theorem 4.8: namely, we 
will show that 

^g(£*J-' t), 

^ Fu„(FlG„,3) ^ 



where iL^'^' is a certain bi-module over the topological algebra Fun(Fl^ 3 



Finally, in Sect. 9, we will show that the left and right actions of Fun(Fl^ (.j^ 3) on L^''** 



coincide, and that it is an invertible sheaf canonically isomorphic to ^^^o^^^Ifi^ 

4.12. A BGG type resolution. As an application of Theorem 4.8, we construct a BGG type 
resolution of the vacuum module Vcrit- For an element w &W let Distw denote the 0-module 
on FI3 underlying the left D-module of distributions on the Schubert cell Fl^ 3. This 0-module 

can be naturally thought of as an object of QCoh(Fl^^h 3). 

The Cousin-Grothcndieck resolution of the structure sheaf of FI3 by means of Dist^, com- 
bined with Lemma 4.4, yields the following: 

Corollary 4.13. There exists a right resolution C* o/Vcrit; whose kth term is isomorphic 
to 

™w(i:;(|)-'^ ® Dist^). 



In Sect. 10 a more explicit realization of the modules ^W(Dist^ <8) C^^^ involved in 
this resolution, will be obtained. In addition, we will make contact with a conjecture of [FF3]. 
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5. Geometric realization of the Wakimoto module Wcrit.o 

As was mentioned above, the goal of this section is to prove Theorem 4.11, which is a 
particular case of Theorem 4.8. First, we will give a more explicit description of the objects 
W^, which is valid for any w gW. 



5.1. Explicit construction ofW^. By definition, the object G D(GrG)||^it'^'^'^ is obtained 
by applying the functor to Op.G . Since Fl^jisafhne, E3(0pi<s ) can be explicitly described 

w,3 ' w,3 

as a quotient as in Sect. 4.3. 

Let us denote the restriction 'C^pje '^lpiG by L^^^^. In what follows we will not distinguish 
in the notation between quasi-coherent sheaves on this scheme and their global sections, thought 
of as Fun(Fl^ 3)-modules. 

Set 

AeA+ "'^ 

and 

Using the maps 

(5.1) j^,, * Ind"-'^^^ (5i,Gr J ^l^^ ^V^ - h+f.,. * Ind«^*^^ (^l.Gr J 

and 



(5.2) K-'^'- : ~ r(Fl^,£^j^) ^ ^^^^ ^, 

we obtain two maps W^"*""*" — > W^+, and is, by definition, their co-equalizer. 

By construction, the algebra Fun(F1^3) acts on by endomorphisms. Moreover, for 
A G A+ we have a canonical map 

(5-3) ^£^^,5 ® Wi 

"•^ Fun(Flf 3) 

By (4.6), this map is in fact an isomorphism. 



5.2. The universal property. Let M be an object of Jcrit-mod , endowed with an action of 
Fun(Fl^ 3), compatible with the action of ^'g^, and a system of morphisms 

(5.4) J/i,**^-^^Fie ® ^' 

Fun(Flf 3) 
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for fi e A+, such that the diagrams 



FlG , 

If, 3 



Fun 



(f1S,3) 



M) 



"'^ Fun(Flf 3) 



^F^<5 ® .^fJ'S ,® 

""•^ Fun(Flg 3) Fun(Flg . 



Fun(Flg ,) 

arc commutative for all /ii, /i2 G A+. 

Lemma 5.3. Under the above conditions, specifying a map 

which is compatible with the action o/Fun(F1^3), and which intertwines the morphisms (5.3) 
and (5.4), is equivalent to specifying a map Vcrit ^ such that the following diagram is 
commutative: 



Fl?, 



Fun(Fl^ 3) 

5.4. Let us now specialize to the case w = 1, and let us take M = Wcrit,o- We define an action 
of Fun(F1^3) on it via the tautological action of ij^^f^. on Wcrit,o and the isomorphism 

Spec(Cft)^Flf3. 
The isomorphism (5.4) is given by Proposition 2.4 and the identification 



(5.5) 



r A ^ f A 
'~'S),0 — Flf 3 ' 



which follows from the construction of mapgf^^j in Sect. 2.7. 

The fact that the conditions of Lemma 5.3 are satisfied, follows from the definitions. 

5.5. Thus, we have constructed a map 

(5.6) rH-i^^s (Grc, W3) ^ WcHt.o, 

and our present goal is to show that it is an isomorphism. 

First, let us show that this map is injective. Wc have a natural map 

IndH-ke3 (^^^^^j Fun(Flf 3) ^ W^, 

where Ind"'^*^^ 

is as in [FG4], Sect. 2.5. Moreover, by using the same argument as in [ABBGM], 

Proposition 3.2.5, we find that the object G D(GrG)||^it'^'''^ mod^ does not have sub-objects 

that do not intersect the image of Ind"'"'^''^ (^i.Crc) ® Fun(F1^3). 

39 
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Therefore, since the functor r^"'^'^''^ jg an equivalence, to prove the injectivity of (5.6), it 
suffices to show that the composition 

Vcrit ® Fun(Flf3) ~rH-'^^3(GrG,Ind"<^*^3(^^_^^^) Fun(Flf 3)) ^ 

-*r«^*''MGrG,w3) ^Wcrit,o. 
However, by construction, this composition is the canonical map 

Verit ® Sjl^^ ^ (Wcrit,0)''"*" Werit.O, 

whose injectivity follows from [F]. 

5.6. The proof of surjectivity of the map (5.6) is similar to that of [FG4], Proposition 4.13. 
Namely, we will show that for A G A+ the map 

is surjective. 

The above map can be obtained by convolution with j^.^^ , from the map 

(5.7) jwo-p,* * Vcrit ^crft ^ jwo-p,* * Wcrit.O- 

Since the functor Jx-wq * right-exact and sends partially integrable representations to 
-C^°(5crit-iiiodreg)^, it is Sufficient to show that the cokernel of the map (5.7) is partially 
integrable. To establish the latter fact, by [FG2], Theorem 18.2.1, it is sufficient to show that 
the map 

(n-((i)),tn[M], (i,„o-P,**Vcrit)0*-p) ® Crft ^ {n-{{t)),tn[[t\], {j^uo■p,**^crit,o)^'^-p) 

3reg 

is a surjection. However, by [FG2], 18.1.1, the above map of semi-infinite cohomologies identifies 
with 

(n((i)), n[M], Vcrit ® *o) ® ^^nt ^ (n((t)), n[M], WcHt.o ® *o). 

3reg 
e 

According to [FB], Theorem 15.1.9, and [FG2], Theorem 18.2.4, the latter map becomes the 
identity isomorphism under the natural identification of both sides with ^Jj^ft- T^^^^ completes 
the proof of Theorem 4.11. 

5.7. We will now discuss yet another way of obtaining the module Wcrit.o- Consider the 
flcrit-modules 

(5.8) jx,.*^crit^tp 

for A e A+. 

We claim that whenever Ai — A2 = /i G A+ there exists a natural map 
Indeed, we have a map of D-modules 

and we compose it with the map 

Vcrit ® t Vcrit ® ~ Jvfi * Vcrit. 

-Da 
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From the fact that the maps k'^ satisfy the Pliicker relations, it follows that the maps (5.8) 
form a directed system. 

Theorem 5.8. There exists a canonical isomorphism 

lim * Vcrit ® i-p Werit,0- 

The rest of this section will be devoted to the proof of this theorem. First, we construct a 
map from the LHS to the RHS. By definition, this amounts to a compatible system of maps 

iA,**Vcrit®l-p^Wcrit,0. 

These maps are given by 

where the first arrow comes by convolution from the canonical map (j) : Vcrit Wcrit.O) and the 
second map is the isomorphism of Proposition 2.4. 

The fact that these maps are compatible for different A follows from Proposition 2.8. 

To construct the map from the RHS to the LHS in Theorem 5.8 we will use Lemma 5.3. 
For that we need to endow the LHS with an action of the algebra Fun(Flf3). Note that this 
algebra is canonically isomorphic to the direct limit 

where the transition maps are defined whenever A2 — Ai = /i € A"*" and are equal to 

(8> ibp V§ (g) tp (8> ibp (8> 1^=^, 

where the first arrow corresponds to the map k'^ : . 

We define the desired action of Fun(Flf 3) on the direct limit appearing in Theorem 5.8 by 
means of 




The data of morphisms (5.4) for the RHS of Theorem 5.8 is evident from the definitions. It 
is straightforward to check that the diagram appearing in Lemma 5.3 is commutative, thereby 
giving rise to a map from the RHS to the LHS in Theorem 5.8. Moreover, it is easy to check 
that the two maps constructed above are mutually inverse. 

6. WAKIMOTO modules attached TO OTHER SCHUBERT CELLS 

In this section wc will prove Theorem 4.10. We will derive it from Theorem 4.11 using the 

technique of chiral modules over chiral algebras. 

6.1. Plan of the proof. Wc need to establish an isomorphism 

(6.1) rH->^°^ (W3 ) ^ W„it,u.(,)-,,rcg ® C(S"' 

for all w e W. To construct a map in one direction (from left to right) we will use the universal 
property of , described in Lemma 5.3. 

First, we need to make the algebra Fun(Fl2 3) act on Wcrit,io(p)-p,reg- This results from the 
isomorphism (4.13). 
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Next, we need to estciblisli that the isomorphism (5.4) holds for !JVC — ^^crit,i(;(p)— p,reg- 

On 

the one hand, by Proposition 2.4, 

„ RS,TOo(iu(p)-p) 
■'-'crit 

where 

(a o\ r ^ ~ (xRS,wo(«'(p)-/') ^ ,x 

y'^-'^J '-'S),w(p)-P — ^cTit ^w(p)- 

This imphes that 

J'a * ^ '^crit,u;(p)— p,reg — - ^^crit,'u;(p) — p,reg ® ^Sj^w^reg^ 

^^RS.»0(»(P)-P) g yeg^ 



where we denote 



■5a 



By Sect. 5.2, we need to show that the isomorphism Fl^, ~ Specf^^|^'"'°^"'^''' "'^ (g) 37^) 
of (4.13) hfts to an isomorphism of fl^-torsors 



(6.3) {A ^ } ^ {A ^ ^i^.,reg}- 

By (6.2), the latter amounts to an isomorphism of .ff-torsors 

Ljje }and{A^Opic^ 



(6.4) {A^^^,c }and{A^Opic 



6.2. An identification of iJ-torsors. We fill first show that there exists some isomorphism 
as in (6.4) that respects the Aut(X')-actions. 

Recall the D-scheme 
(6.5) Conn^«)^S,p-«,(rt ^ q 

(see Sect. 4.9). Its restriction to X — x is isomorphic to Conn^(ci;^), and its fiber over x is 
isomorphic to MOp^'''^'*^, once we identiiy "D^ with D. 

For A e A, let us denote by )^MOp,w x the line bundle on (6.5) equal to the pull-back from 
X of the Hne bundle w^ '*'^ {{P ~ w{p), A) • x)) . 

We claim that this line bundle identifies with the pull-back of the line bundle -Cj^jop. ^ 
under the map (4.11). This follows from the fact that the corresponding isomorphism holds 
tautologically over X — x, and that both line bundles have connections that are regular at x. 



Restricting the above isomorphism of line bundles to a; e X, we obtain that 't^MOp"-"'* 
identifies with Omopj'"^ ^ The latter isomorphism respects the Aut(2))-actions, 

where Aut(D) acts on u>^^''^''^^ via the isomorphism Aut(D) ~ Aut(I'x)) corresponding to the 
above choice of an isomorphism D ~ "D^. Finally, let us observe that the character of Aut(D) 

on wi"'''''''^^ equals that of l^(p). 

Let us denote by Sjciit,w,x the D-algebra 

^ ^'R,S,wq(w(p) — p) ^ 
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Via map^ojjj it identifies with the algebra of regular functions on the D-scheme (6.5). For 
A G A, let ^ X denote the corresponding line bundle with a regular connection along X over 
it. ' ' 

The restriction of iL^^ ^, ^ to X — x identifies with ^. The restriction to the fiber over 
X, identifies, as a line bundle over Fl^ ^ via (4.13), with ■C^^jg . By the above discussion, we 

w, 3 

obtain an identification 

as required in (6.4). 

For future reference note that for A € A+ we have a canonical map 

is.x 

Its restriction to X — a; equals the map k^'^ of (2.9), and its restriction to x coincides with 
the canonical map (5.2). 

6.3. According to Sect. 5.2, the next step in the definition of the map in (6.1) is construction 
of a map 

(6.6) V„H ® Fun(FlS3) - W,Ht,«,(,)-,,reg ® Loi^-^^P^'P^ . 

Here the 1-dimensional Aut(2))-module as in Sect. 6.2. It is non-canonically 

isomorphic to ^ . Eventually, we will fix an isomorphism (6.3), thereby fixing a choice for 

the above isomorphism of lines as well. 

Finding a morphism as in (6.6) is equivalent to exhibiting a map 

(6.7) VcHt ® Pun(Flf 3) ^ AvG[[t]]//(W,Ht,«,(,)-p,reg) ® 4'""^'^''^ 

(see [FG2], Sect. 20.2, for the definition of the averaging functor AvG[[t]\/i)- 

By the definition of 'WcTit,w{p)-p,Teg and using the fact that the flcrit-niodule 'WcTit,w{p)-p is 
flat over the expression in the RHS of (6.7) can be rewritten as 

AvG[[t,]/i(W,Ht,,.(p)-p) I Fun(Flf3)®a;<^-(^).^>. 

■'-'crit 

By construction of Wakimoto modules, 

(6.8) AvG[[t]]/7(W,Ht,«,(,)_,):^J?¥(n((f)),n[M],S'='^(G)erit,x) ® C^o{wip)-p)^ 

where C'""^"'*-''-'"''^ is the corresponding character of f). 

Consider the component of the expression appearing on the RHS of the above formula that 
has degree zero with respect to Gm C Aut('D). It identifies with the wo{'w{p) — p)-weight space 
in the Lie algebra cohomology i?*(n, Fun(G')). 

By the Bott-Borel Weil theorem, the latter is concentrated in the cohomological degree iiw), 
and is canonically isomorphic to C. 

The corresponding vector in the £{w)-th cohomology of AvG[[(]]//(Wcrit,ui(p)-p) is easily seen 
to be -invariant, so we obtain a map 



Vcrit - h'^""^ (AvG[[t]]/7(WeHt,«,(rt-,)) 
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and, hence, a map 

3'/s y ^RS,»o(»(p)-p) 



(6.9) (Vent g Fun(F1^3) I Fun(Flf,3) w<''-"'('')'^>HH] 



AvG[[t]]/7(WcHt,«,(,)-p) 9 _ ^ Fun(FlS3) ® a;!"— ("^-^^ . 



We claim that the 0th cohomology of the LHS of the expression in (6.9) is canonically 
isomorphic to Vcrit Pun(Fl^ 3), which would produce the desired (non-zero!) map in (6.7). 

To establish this isomorphism, it would be enough to show that 

(6.10) Toryt„(„(„_,, (Fun(F1^3), Fun(FlS3)) ^ Fun(FlS,3) c^i-W""'^). 

-^crit 

We can identify the LHS of (6.10) with A^^™) (^N*^^ /Spec(i5^^''"o<"'''''-''>)) ' ^'^'^ ™^ 
using Sect. 6.2. Hence, (6.10) is equivalent to an isomorphism of line bundles 



over FI3 ^. Using the diagram 

FlS,3 ^ Spec 



MOp^'-''^^ ^ MOp^'°"P, 

we can translate the existence of the above isomorphism to that between the line bundles 

U{w)( AT* A ^ rP-wCp) 

V^MOp™'-"* / MOp™'""P ) - '^MOp™''''« 

over MOpg The latter isomorphism follows from [FG2], Corollary 3.6.3. 
We will need the following property of the map (6.6): 

Proposition 6.4. 

(1) The map 

(n((t)),n[M], V„it ® *o) ® Fun(Flf3) ^ 

3reg 


H'f (n((t)),n[[i]],W,Ht,«,(p)-p,reg0*o) ®a;i,''-'"('')'^>, 
induced by (6.6), is an isomorphism. 

(2) The map 

{n-{{t)),tn-[[t]],ju,o-p,* * Vcrit ® *-p) 0^ Pun(F1^3) ^ 

(n-((i)),tn-[[i]],i^„.^,. * Werit,«,(p)-p,reg *-p) 

is also an isomorphism. 

The proof of this proposition will be given in Sect. 6.11. 
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6.5. By Lemma 5.3, in order to complete the construction of the map in (6.1) we need to 
choose an isomorphism in (6.3) so that the following diagram becomes commutative for every 
A G A+: 



(6.11) 



1 reer 



*^VA ^crit 
^ G[[t]] 



where k~'^''^ is as in (5.2). 



5g 



' crit,u;(/9)— y5,reg 



{p-w{p),p) 



Fun(Fl'S ,) ™.3 



Fun(Flg_3) 



{p-w(p),p) 



{p-w{p),p) 



To construct the isomorphism (6.3), wc will realize ' 
a; G X of a certain chiral yig^crit.x-module. 



1 ■ /X 6^)^,)<^~"'(^''^> 
'crit,j(;((9)— (9,reg yy^x 



as a fiber at 



6.6. We will use the following general construction. Let yi be a chiral algebra, let M be a 
torsion- free chiral ^l-module on X — a;, and let Ki, Jsf2 be two chiral ^^.-modules, supported at 
X. Let 

(6.12) j*(M)®Ki ^Z!(K2) 

be a chiral pairing (see [CHA] and [FG3], Sect. 2.1). Here j and i denote the embeddings 
X — X ^ X and x ^ X, respectively. 

Let V e Ki be a vector, which is annihilated by the Lie-* action of A, and such that the 
resulting map j*(M) — > i\{^2) is surjective. Then 

M' :=ker(j*(M) ^1,(^2)) 

is a chiral 7l-module, whose fiber at a; is N2. 

6.7. We apply the above construction in the following situation. We let M be Wcrit,x- Recall 
(see [F] and [FG2], Sect. 10.3), that by the construction of Wakimoto modules, Wcrit,x is in 
fact a chiral algebra that contains ^g,crit,x as a chiral subalgebra. 

We let Ki = K2 := "^cTit,w(p)-p,^<^& 
supported at a; G X. Finally, we let v to be the image of the vacuum vector in Vcrit under the 
map (6.6). 



^{p w{p),p) ^ which is naturally a chiral Wcrit.x-module, 



Lemma 6.8. The resulting map 

J*(Wcrit,lv) 

^5 surjective. 



' CYit,w{p)—p,Teg ' 



{p-w{p},p) 



Proof. From the construction of Wakimoto modules we obtain that Wcrit,x-submodulcs of 



W, 



crit,'!«(p) — p,reg 'iyu'x 



(p-w{p),p) 



are in bijection with ijcrft.x-submodules of Fun(Fl^ ■^)®'jJx 



{p-w(p),p) 



and the correspondence is given by applying the functor H 2 (tT((f)), tT[[t]], ? ^o)- 
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Hence, the assertion of the lemma foUows from Proposition 6.4(1). 

□ 

Let us denote the resulting chiral ^g^crit.x-module by Wcnt,w,x- By construction, it comes 
equipped with a map of chiral yij crit.x-modules Vcrit,x ^cTit,w,x- 

By construction, we have the following commutative diagram: 

3b,X >■ Vcrit.X 



^CTit,w,X * Wcrit,-uj,X, 

whose restriction to X — a; is 

}g,X—x * ^cr\t,X—x 

^crit,X-x > Wcrit,X-x, 

and whose fiber at x is the diagram 

3a ^ ^ Vcrit 



(6.6) 

Fun(Fl£^3) . WeHt,^(p)-p,rcg»^i''""*''^'^^ 

6.9. For A G A+ consider the chiral module j)^ ^ x * Wcrit,ui,x- We claim that this convolution 
is concentrated in the cohomological degree 0. 

Indeed, a priori, it is concentrated in non-positive cohomolgical degrees, since the functor 
* x*'^ right-exact. Now, it does not have strictly negative cohomologies, because this is 

true for both chiral yig_crit,x-iiiodules j*(Wcrit,x) and i\{^ciii,w{p)-p,rcg 

Recall the H-torsor {A i— > £^ ^ x} Spec(^crit,u),x) (see Sect. 6.2). 

Proposition 6.10. 

(1) The map x-x ~^ j\ x-x * *^cnt,x-x, equal to the composition 

'^%,X-x ^ ^l,X-x ® Wcrit.X-rc - jx,X-x,* * Wcrit.X-rc, 

^Crit,X-x 

extends to a map ^^^^^x ^ j\.*,x ^'^ciit.w.x ■ 

(2) The resulting map on the level of fibers at x 

FunCFlgj) 

comes from an isomorphism onto L'^ ^ ^.^g, followed by the map 

(6.6) 



^i«,,reg ^ ^i«,,reg ® . (Fun(Flf_^) J Y„n) 
Fun(Flf^) ^ 3r ^ 



Fun(Flf_^) 
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Let us assume this proposition and finish the construction of the map in (6.1). First, note 
that the second assertion of the proposition defines the sought-after identification 7^ of (6.3). 

Next, observe that the first assertion of the proposition impHes that there exists a diagram: 

' 39, X 



(6.13) Ja * x * Vcrit.X Vcrit.X <S> V^^x <S> ^crit.to.X 

' ' is.x ia.x 



• A 



which is commutative, since it extends the corresponding commutative diagram over X — x. 
Let us consider the fiber of the above diagram over x. The two resulting maps 

39, X Fun(Fl*3) 

are equal to the two circuits in the diagram (6.11). Thus, we obtain a well-defined map (6.1). 

The proof that this map is an isomorphism uses the same argument as the one used in the 
proof of Theorem 4.11 in Sect. 5.5: 

The surjectivity assertion follows from Proposition 6.4(2) as in loc. cit. To prove the injec- 
tivity, it is enough to show that the map (6.6) itself is injective. 

However, according to [FGl], the functor 

3;''8-mod^5crit-modfJ*ll, T^Vcrit %7 

^9 

is an equivalence of categories. Therefore for any 3o'*^-niodule T, the submodules of Vcrit <8> T 

,reg 
J9 

are in bijection with the 3g''^-submodules of T itself, and any such submodule is determined by 
its image in 



7c^H^ (n((i)), n[M], (Verit ® 7) <S> *o) • 



Therefore, the injectivity of (6.6) follows from Proposition 6.4(1). 

This completes the proof of Theorem 4.10 modulo Proposition 6.4 and Proposition 6.10. The 
remainder of this section is devoted to the proof these two propositions. 

6.11. Proof of Proposition 6.4. First, let us notice that assertions (1) and (2) of the propo- 
sition are equivalent by [FG2], Proposition 18.1.1. 

Secondly, both the LHS and the RHS, appearing in Proposition 6.4(2), are isomorphic to 
Fun(Fl^ 3) igjwi'''''^ , as graded Fun(Fl^_3)-modules. Since the degree component of Fun(Fl^_3) 
consists of scalars, it sufficient to show that the map in Proposition 6.4(1) is non-zero. 

Let us assume the contrary. Then, by [FG2], Theorem 18.2.1, the map 

Jwo-p^* ^ cnt ' Jwo-p,* *^crit,u;(/9)— /9,reg 

has a partially integrable image. Let us denote it by M, and consider the composition 
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for A e A+. On the one hand, jx-wo,* ^Jwo-P,* * Vcrit - Jx,* * Vcrit and 

and the above composed map is non-zero, since the functor is invertible on the derived 

category. 

On the other hand, since M is partially integrablc, the convolution jx.^^ * * ^ belongs to 

-D<°(flcrit-mod), and its map to * *^ciit,wip)-p,ieg ® wi''"™'-''^'''^ € flcrit-mod is necessarily 
0. 

6.12. Proof of Proposition 6.10. Consider the D-submodule of » x *^ciit,w,x consisting 
of sections which are annihilated by the Lie-* action of Ag^cnt,x- This is a torsion- free chiral 
module over SjcTit,w,x- The restriction of this D-module to X — x identifies canonically with 
X- The claim about the extension follows now from [FG3], Proposition 3.4. 

To prove the second assertion of the proposition, we claim that it is enough to show that the 
resulting map 

(6-14) ^ - Ja,* * WcHt,«,(,)-,,reg ® ^''""'^''^'^^ 

is non-zero. 

Indeed, dividing by the hue we obtain that the map in Proposition 6.10(2) corre- 

sponds to a non-zero G[[t]]-invariant vector in Wcrit,to(p)-p,reg ®'^x' ^^''^'P\ which has degree 
with respect to Gm C Aut(2)). Hence it must coincide, up to a scalar, with the spherical vector 
used in the construction of the map (6.6). 

Suppose that the map (6.14) was zero. We would obtain that in the commutative diagram 
(6.13) the composed map 

is such that its fiber at x is zero. 

In other words, we obtain that the map 

obtained from (6.6), vanishes. 
Consider the map 

(6.15) j^Q.^,* ★ * Vcrit jwo-p,* *jx,* * W„it,«,(p)-p,reg <^ wi,''"™^''^''*^ 

We obtain that its composition with 

^^wo-{p+X),Gtg *^cTit —>■ iu,o-(p-|-A),GrG,* *^crit — jwo-p,* *j\,**^CTit 

vanishes. 

However, by [ABBGM], Sect. 2.3, the cokcrncl j^.^^.^^^^^) ^j^.^, J IC„^.(^_^^) partially 
integrable. Hence, the image of the map in (6.15) is partially integrable. But this leads to a 
contradiction as in the proof of Proposition 6.4 given above. 
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7. The general case 

7.1. In this section we will carry out one more step in the proof Theorem 4.8. Namely, we will 
prove that an isomorphism 

(7.1) ^W(T)~G(i:L""' $5 t), 

holds functorially in T e QCoh(Fl^^h3) for some bi-module over the topological com- 

mutative algebra Fun(Fl^ ^.j^ j). Moreover, we will show that as a right module, L^^^^ is a line 
bundle over Fl^ ^.j^ ^ . 

As an immediate corollary of the above isomorphism, combined with Sect. 4.3, we obtain 
the following: 

Corollary 7.2. For every T e QCoh(Fl^^h 3) the Wakimoto module u,W(T) is I-equivariant. 
The main step in the proof of (7.1) will be the following: 

Proposition 7.3. Let and he two quasi- coherent sheaves on FI3 . Then the functor 
E3 : £>+(QCoh(Flf )) ^ £)+(D(GrG)fHf ''^ -mod^°) induces a bijection 

E-t^Coh(Fif )(^''^) - ^'Hom^(Gr.)-r^ — d^" 

for i = 0, 1. 

Note that the map in the proposition is not bijective for i>2, for otherwise the functor 
would be an equivalence of categories, which it is not. 

Let us show how this proposition implies (7.1). 

Step 1. We claim that «,W(T) is isomorphic to G(T') := rH<=<=kc3 (^Qj.^^ E^{T)) for some object 

r e QCoh(Fl2,th,3)- 

Without loss of generality we can assume that T is supported on k-th infinitesimal neighbor- 
hood of FIS3 in Flf . We will argue by induction on k. 

If A; = 0, i.e., when T is scheme-theoretically supported on Fl^ have: 

^W(T) O:^ Wcrit,«;(p)-p,reg » 7, 

Fun(Flg 3) 

and the assertion follows from Theorem 4.10. 

Suppose now that k > 1. Then we can write T as an extension 

^ Ji ^ T 0-2 _ 0, 

with T"'^ supported on on Fl^ 3 and supported on the k — 1-st infinitesimal neighborhood of 

F1^ 3 in FI3 . Then, by the induction hypothesis, there exist objects T'^,T'2 g QCoh(Fl^ 3), 
such that 

G(T'') ~ ^w(a^) 

for i = 1,2. 

By the main theorem of [FG4], the extension 

»W(Ti) ^ ™W(T) ^ ™W(T2) ^ 

comes from some extension 

^ e3(T'1) ^ J ^ e3(T'2) ^ 
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in D(GrG)CTit'^''^ -mod'^ . However, by Proposition 7.3 

E3(T') 

for some T' G QCoh(Fl3 ), as required. Evidently, 7', being an extension of two quasi-coherent 
sheaves that belong to QCoh(Fl^ th 3)> itself belongs to this subcategory. 

Step 2. Proposition 7.3 for i = 0, combined with the equivalence of [FG4], implies that the 
assignment T i— > T', constructed above, is a functor QCoh(Fl^ 3) — > QCoh(Fl^ let us 

denote it by ^Q. Since each of the functors ^W, r^®*^^''^ and Elq^^j^j-pje ^ is exact and 

faithful, we obtain that wQ is also exact and faithful. 
Hence, has the form 

for a certain Fun(Fl2_th,3)-t>imodule ^J^"**. We will show now that as a right Fun(Fl2_th,3)- 
module, is a line bundle. In fact, we will show that it is non-canonically trivial. 

This is equivalent to showing that there exists a functorial isomorphism between the vec- 
tor space underlying wQ{7) and that of T. We will do this by comparing the semi- infinite 
cohomologies H"^ {n{{t)),n[[t]], ? (8> 'J'o)- 

Step 3. 

Recall that by [FG2], Sect. 12.4, there exists an isomorphism 

(7.2) if^(n((t)),n[[t]], W(T) ® *o) ^ T, 

which is functorial in T G ^ciit -mod, but it is non-canonical in the sense that it depends on 

the choice of the coordinate t on D. 

Thus, to identify ^Q(T) and T as vector spaces, it suffices to prove the following: 

Proposition 7.4. For any 7' G QCoh(Flf ), th ere exists a canonical quasi-isomorphism 

JJ^+*(n((t)),n[[i]],G(r) ® *o) ^ iir(Flf ,7'). 

Proof. By the definition of convolution, the LHS of the proposition is given by applying the 
functor of derived -83 -invariants to the complex 

(7.3) if^+*fn((i)),n[[i]],r«-''-3(GrG,act*(W3j ® T') *o\ 

V ^ Fun(G3) ^ / 

where 7' denotes the pull-back of 7' to 63 . 
However, by [FG4], Sect. 2.12, 



n(W),n[[t]],rH-ke3 (GrG,act*(W^3)) ® 
~//^+*(n((i)),n[M],r"3(GrG,W3j®vi/o) ® Fun(G3) :^ Fun(G3). 

Hence, the expression in (7.3) is isomorphic to 7', as a Fun(G3)-module, endowed with a 
B3-action. Finally, we have: 

i?Inv(B3,T') ~ i?r(Flf ,T'), 

which is what we had to show. 

□ 
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7.5. Proof of Proposition 7.3. 

Step 1. We claim that it is enough to prove a version of the proposition for the categories 
(Flf,D(GrG)fHf''^-mod^°) replaced by (Fl^, D(GrG)Sif *'-mod^°), i-e., that for 7^,7^ G 
QCoh(Fl'^) the map 

(7-4) Ext»Q^^^(^,,^(T\T^)-i?^Hom^(^^^^«,.,,_„,^^ 

is an isomorphism for i = 0, 1. 

Indeed, by choosing a trivialization of the G-torsor ^'(53, we can identify FI3 (resp., 

D(GrG)f,if °' -mod^") with the category of objects of QCoh(Fl'*) (resp., D(GrG)"if -mod^°), 
endowed with an action of the algebra ^g^, and the functor is obtained from E by extension 
of scalars. 

The fact that (7.4) is an isomorphism for i = 0, 1 is a formal corollary of [ABG]. Below we 
will give an independent proof. 

Step 2. We claim that it is enough to show that the maps 

(7.5) E^tQCoh(Fl<5) ^) ^ ^O^DCGrcjHffe-mod^" (^(^Fie)' ^(^)) 

are isomorphisms for i = 0,1, X G A+, and any T G QCoh(Fl^). 

Without loss of generality we can assume that is coherent, and let 

... ^ Q2 ^ ^ Q° ^ ^ 0, 

be a resolution which each Q' is isomorphic to a direct sum of line bundles ''^pjc- 

The cohomological dimension of the functor E is a priori bounded by the cohomological 
dimension of the category QCoh(FF), which is dim(Fl'^). Let A e A+ be such that A^' + A G 

A+ for i < dim(Fl^) + 1. Then by Proposition 3.18, E(i:p|+^) ~ lT^d^'"'^''ijp^x.Gra,*)- 

particular, this implies that E(iLp^g (8)T) G D(GrG)CTit'^° -mod''^ , i.e., E(£p^g (8)T) does not have 
higher cohomologies. 

By Proposition 3.19, for T^,T^ as above we have a commutative diagram 
i?Hom(TSa^) — ^ i?Hom(E(Ti),E(T2)) 

R}iom{L^^^®7\L^^^(g>7^) — ^ i?Hom(j^ , * E(Ti), , * E(7^)). 

Now notice that the hmctor ij^^*? is a self-equivalence of Z?(D(GrG)^rit'^'^ "^'^'^^ )• (I^s 

quasi-inverse is given by the !-convolution with ^.) Hence, the right vertical arrow in the 
above diagram is an isomorphism as well. 

Hence, we can replace the initial sheaves and 7^ by their twists with respect to -^p^a- 
Moreover, we can use the 3-term resolution 

^Ji<5 ® Q2 ^ ^Ji<5 Qi ^ -Cji<5 ® Qo ^ -Cjjs ® 

to compute both sides of (7.4). This performs the required reduction in Step 2. 
Using Proposition 3.19 again, we reduce the assertion further to the case A = 0. 

Step 3. Let us recall the general set-up of Sect. 3.5. Let M (resp., 3sf) be a G-equivariant (resp., 
B-equivariant) object of G, and let T be an object of QGoh(Fl*^). In this case iiHome(M, N) 
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is naturally an object of the derived category of B-modules. Let i?Hom(M, JN") denote the 
associated complex of G-equivariant quasi-coherent sheaves on Fl*^. 
For T G QCoh(Fl^) we have: 

(7.6) i?Home(M,T*K) ~iirfFl^,T (g) RU^{M,J^)). 

Applying this to {e,M, N}) being 

{QCoh(Fl<5),0pic,C^„} and {D(GrG)Sf ''-mod^", E(Op,G), E(C^J}, 
we obtain a commutative diagram 

i?Hom(Op,e,T) EHomj3(Q^^^Hec.e_^„d^o(E(Op,o),E(T)) 

i?r(Fl^,T ® mfoin(OpiG,C^j) . iir(Fl°,T iifoin(E(OpiG),E(C^J)) 

Thus, we obtain that it is enough to show that (7.5) is an isomorphism for i = 0, 1, A = 
and 7 = C^^ . 

Let Fl^ c Fl*^ be the open Schubert cell, and let us apply the above commutative diagram 
again with T = Opjc- Since F\f is afRne, we obtain that the isomorphism of (7.5) for T = Cwo 
will follow once we establish it for T = Opje . 

Step 4. Let us denote E(Opjc}) by Wi, and recall that E(OpjG) :^ lnd^'"'^''{6i,GTG)- It 

remams 

to show that 

(7-7) Fun(Flf ) ^ Homj^^^^^^^^^^^^^.c (<5i,Gro, Wi) 

is an isomorphism and 

(7-8) Ext^(G..W.-mod^''(^l.G..,Wi)=0, 

T-0 

where in both formulas "Wi appears as an object of D(GrG)crit-inod via the tautological 
forgetful functor. 

Recall (see Sect. 5.7) that Opjc can be written as a filtered direct limit 

lim ® r'^, 

(£teA+ 

where I'' denotes the S-stable Une in V^^, and C {V'^)* is its dual. 
Hence, Wi can also be written down as a filtered direct limit 

lim Ind»«^''<^(i0,Gro,*) ® 

AeA+ 

Recall that Ind"'='=''°(J) ~ J^*^^ ^r(g)- We have J^f^) QS'^v")' <^ Now the isomor- 
phism in (7.7) follows from the fact that 



Hom((5i,GrG,i/i,GrG,* * 3'(y-)*) =0, ilj^u, 
'-'[1*1] 

Hom(5i,GrG,i/i,GrG,* * S'^v")' - fl = i>- 
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The vanishing of (7.8) follows from the fact that 

Ext^((5l,GrG, JA.GrG,* * 3^iVn') " Ext^ (ICq^^ , j/i,GrG,*) = 0, 

by the parity vanishing of IC-stalks on Grc- 

8. Lie algebroids and the renormalized enveloping algebra 

In this section we will study the interaction between the isomorphism mapg^^jjj and certain 
canonical Lie algebroids defined on the two sides of this isomorphism. 

8.1. Let Nyos^-^ denote the conormal to Spec(3g°^) inside Spec(3g), equipped with a natural 
topology. Recall (see [BD], Sect. 3.6 or [FG2], Sect. 7.4) that iV^reg has a natural structure 
of Lie algebroid over SpecOg)- 

On the other hand, let us recall the groupoid Isomg over Spec(3g''^), see (4.1), and let 
isom^ jreg be the corresponding Lie algebroid. 

According to [BD], Theorem 3.6.7, there exists a canonical morphism (in fact, an isomor- 
phism) of Lie algebroids: 

(8.1) Vgeom ■ ~^ 'S°'"G,3g''«- 

Below wc will recall the definition of this map. Let us note that both the Lie algebroid struc- 
ture on iV^reg and the morphism fo-eom depend on an additional choice of a one-parameter 
deformation of the level away from the critical value. 

8.2. The renormalized enveloping algebra. Let {/'^''"''^''^(flciit) be the renormalized uni- 
versal enveloping algebra at the critical level, which is defined in [BD], Sect. 5.6 (see also 
[FG2], Sect. 7.4 for a review). It admits a natural filtration, with the 0-th term f/''''"'''''^(5crit)o 
isomorphic to the topological algebra 

responsible for the category flcrit -modreg with its tautological forgetful functor to Vect. The 
first associated graded quotient J7''''"'''''^(5crit)i/t^'^'"^''^''^(Scrit)o is isomorphic to 

i/''^^ (flcrit) ® iv:,og . 

Note that 3^°^ is a subalgebra in ?7'°"''°^(5crit), but it is no longer central. 
Let us recall some basic constructions related to ?7"^"'"^'^(flcrit)- 

1. Let Mi,M2 be two objects of flcrit -niodrcg, on which the action of J7'°^(0crit) has been 
extended to an action of C/™"'"'''^ (flcrit)- Then Ilomg^^^,.^ (Mi, M2) acquires a natural action of 

^y/VS. ^'^^ ^ITIT^. ^ [/-">-S(0crit)l//7-"'-S(0crit)o. 

2. Let M be a [7''°"'''°^ (flcrit )-iiiodule, and let iL be a 35"^ module that carries a compatible 
action of A^^rcg . Then M ® £- is naturally a [/''''"'''''s/g^^.j.^.jnodule. 

Indeed, we define the action of 

C/^"^'^^^(0crit)l X iV*.eg ,3 C ^/■■'^"'■■'^'^(flcrit) 

to be the sum of the given {/''''"''^''^(g^^.^'jj^.action on M and the A^^reg ,, -action on £. From 
the relations that realize J7''''"'''''^(0crit) as a quotient of the universal enveloping algebra of 
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U'"^''^^(Qciit)i, it follows that the above definition extends to a well-defined C/'^™''"''^(5crit)- 
action on M (8) 

.,reg 

3. Let Mfi be a fiat C[fi]-family of gKK-modules, such that Merit '■= ^n/fi • M belongs to 
flcrit -modreg, then Merit acquires an action of ?7''**"'''®s(gerit)- 

The prime example of this situation is M^ = V^. In this case we obtain the canonical 

[/""■™s(5erit)-action OnVcrit. 

4. The adjoint action of G{{tj) on [/''''^(gcrit) extends naturally to an action on [/''''"'"'''^(flcrit)- 
Hence, the category U'^^'^''^^^(gcnt) -^od is acted on by critically twisted D-modules on G{{t]) 
by convolutions (sec [FG2], Sect. 22). 

In particular, if M is a C/''''"'''''s(gj.^ij)-module, which is 0[[t]]-integrable as a gerit-module, 
and 3^ G D(GrG)crit-iiiod, we obtain a well-defined object 3^^*^^ M in the derived category 

of f7'''*"'''''s(5erit)-niodules. Applying this to M = Vcrit, we recover the canonical [/'^''"''"''^(gerit)- 
action on 5" ★ Vcrit — rfGrc, 3'). 

G[[t]] 

8.3. We are now ready to construct the map Ugeom- By definition, isomg ^reg is the Atiyah 
algebroid of the G-torsor 3. Hence, to specify Ugeom we need to make A^yeg^^ ^■ct on 
for every V € Rcp(G') in a way compatible with tensor products. 

However, by construction, V3 ~ Homj^^..^ (Verit , r(GrG, Jv j), and the required action follows 
from 1 and 4 above. In other words, the isomorphism FfGrc, "Jv) — Vcrit ® V3 is compatible 

with the U'^"^''^^^ (0crit)-actions, where on the RHS it is given via the construction of 2 above. The 
compatibility with tensor products follows from the compatibility between the constructions in 
2 and 4. 

We will now recall the definition of another map 

(8.2) Uaig : -^Vy;s/3^ ^ isomg^-g, 

following [BD], Sect. 3.7.13. 

We recall that the isomorphism of topological algebras 

(8.3) map,ig:3g^Fun(0pj (©><)) 

respects the Poisson structures, where on the LHS the Poisson bracket is defined via the 
Drinfeld-Sokolov reduction (see [FG2], Sect. 4 for a review), using the G-invariant form k 
on 0, corresponds to the deformation Kfi of the level off the critical value (see Sect. 8.9 for the 
precise formulation). 

Thus, the map map^ig induces an isomorphism of algebroids 

-^3'/ V3 J, - '^^Palg (^Op-*^ / Opj (D X ) ) • 

Combining this with the isomorphism 

(see, e.g., [FG2], Sect. 4.4, where the latter is explained), we obtain the map of (8.2). By 
construction, the map Vaig is an isomorphism. 

Our present goal of this section is to prove the following: 

Theorem 8.4. The maps Ugeom and v^ig coincide. 
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The above theorem has been proved in [BD], Proposition 3.5.13, simultaneously with Theo- 
rem 1.4. Namely, in loc. cit. it was shown that the algebroid isomg jreg over SpecOg''*) does 
not admit non-trivial automorphisms. We will give a constructive proof of this result, which 
will occupy the rest of this section. 

8.5. The algebroid isom^j t^rcg acts naturally on the scheme Fl^j, and it is easy to see that the 
corresponding action on Fun(Flf3) is faithful. Hence, to prove Theorem 8.4, it suffices to see 
that the two resulting actions of A^yog^^ Fun(Fl^j)- one via fgeom and another via t'aig- 
coincide. 

Consider the J7''''°''^^s(5crit)-action on Wcrit.o, corresponding to the ?i- family Wfi,o- Recall 
that we have an isomorphism 

Cft ^ End5„JWcnt,o). 
Hence, from Sect. 8.2(1) we obtain an action of Nyeg^^ on ij^^ft- 
Recall now isomorphism 

^-f, Fun(Flg3). 

Thus, to prove Theorem 8.4 it suffices to prove the following two assertions: 
Proposition 8.6. The above action o/iV^reg on Sj'Zt goes over under the map Ugeom to the 
natural action o/isom^j^^^s on Fun(F1^3). 

Proposition 8.7. The above action o/iVyeg^^ on ^^fj goes over under the map Uaig to the 
natural action o/ isorrig, ^rog on ¥m\{F\'{ -2^) . 

8.8. Proof of Proposition 8.6. Let Spec(!B) be an affine scheme over Spec(3£i''^), endowed 

with a map to Fl^ . Note that such a data is specified by a -ff-torsor {A i— > L^} and a collection 
of maps 

^^S' AG A+, 

satisfying the Pliicker equations. 

Let f be a Lie algebroid over Spec(3g'*^), endowed with a map w : f — > isomQ^'^^s- In 
particular, for every V e Rep(G) we obtain an f-action on V3. 

Suppose, in addition, that we arc given an action of f on 23. Then these data are compatible 
with the natural isom,^ grog-action on FI3 if and only if the following holds: 

For every A G A+ there exists an f-action on the line bundle such that the map k^'^ is 
compatible with the f-actions. (Note that such an action on £^ is a priori unique, since the 
induced maps V3 (g) 3 ^ £5 surjective.) 

Let us apply this for S = Sf^^f^ and f = N*r.^^^^. Recall that the map Spec(^;;^fJ Flf 
corresponds to the collection of line bundles and the maps k^'^ of (2.7). 

Consider the Wakimoto module Wcrit.o, endowed with the natural ?7''''"'''''^(5crit)-action. By 
construction, the map (j) '■ Vcrit — > Wcrit,o deforms off the critical level to a map (pn '"^n ^ W^^o; 
hence the map (f> is compatible with the i7''®"'''®s(gj,j.;j)-actions. 

Consider now ^ * Wcrit.o- From Sect. 8.2(4), we obtain that jj^ ^ * Wcrit,o also carries an 
action of [^'^''"''^''^(flcrit), and the map 

r(GrG,Jyx)^iA,*^Werit,o 
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of (2.5) is compatible with the [/''"'^'"^(g^j.jj^-actions. 

Prom Sect. 8.2(1) We obtain that ~ Homj^_..^(Wcrit,OjiA * *Wcrit,o) acquires an action of 
A^yegyj^ , and the map k^''^, which equals 

~ Hom^„,^(Verit,r(GrG,:r^O) ^ 
is compatible with the Nires,-z -actions, which is what we had to show. 

8.9. The Poisson structure on Miura opers. In order to prove Proposition 8.7 we need to 

make a digression and discuss the Poisson structure on the space of Miura opers. 

^■|«crit be the derivative of at Kcritj which is, by definition, a non-degenerate G- 
invariant bilinear form on g. We can view it as a non-degenerate VF-invariant bilinear form on 
f), which, in turn, can be thought of as a non-degenerate H^-invariant bilinear form on ^, or as 

a G-invariant bilinear form on g. We will denote the latter by k. 

Recall the scheme Connjj(w^x )• Proceeding as in [FG2], Sect. 4.3, (with G replaced by H), 
using the form k, we define a Poisson structure on Conn^(ti;^x )• 

Let Isom^ qqjjjj^^^^p ^ ^ denote the natural groupoid acting on Conn^(a;^x ), whose fiber over 

two points x1tX2 G Conn^(cj^x ) is the ind-scheme of automorphisms of the iJ-torsor wi^y. over 
CD^, that transforms connection xi to X2- Let isom^ q^j^jj^^^p j denote the corresponding Lie 

algcbroid on Conn^j (w^ x ) • 

As in [FG2], Sect. 4.3, one easily shows that there exists a canonical isomorphism of Lie 

algebroids 

(8-5) n\Connjj{oj^^)) ^ isom^ conn^Co.^ J- 

Recall that the Poisson structure on Opg(D^) also depended on the form k on g. It is a 

straightforward calculation that the map MT : Conn ^ (uj^^ x) ^ Opj i"^^) is compatible with 
the Poisson structures. Therefore, the pull-back MT*(f2^(0pg(CD^))) acquires a structure of 
Lie algebroid and we have a homomorphism of Lie algebroids over Conn^(w^x )• 

MT* (fii (Opg (2) X ))) ^ (Conn^ (c.^ x )) • 

Recall now the Lie algebroid isomg Qp^^jx) over Op^{D^). By the definition of generic Miura 
opers, this algebroid acts on the ind-scheme MOpg ggn(CDX), which, as we know, identifies with 
Conn^(w^x)- 

Hence, the pull-back MT*(isomg, op-(i>x)) acquires the structure of a Lie algebroid on the 

ind-scheme Conn^ (w^ x ) • In fact, the anchor map MT*(isom(j_op-(Dx)) — >■ T(Conn^(a;^x )) 
naturally factors through a map 

MT*(isomg_op^(i,x)) ^ isom^_co„na(a>^^x)- 

Finally, recall that we have a canonical isomorphism of algebroids on Opg (2) ^ ) (see [FG2] , 
Sect. 4.3): 

(8.6) ni(OpB(D^))^isomG,op-(Dx). 
The following results from the constructions: 
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Lemma 8.10. The following diagram is commutative 



MT*(l7i(0pg(DX))) ^^^^ MT*(isome_op,(a.x)) 



(8 5) 

f2i(Conn^(a;^J) — ''50"^H,Conn^{u,^^^)- 

As the result, we obtain: 

Corollary 8.11. The action of Nq^tss ^ Qp_f^^x) on Conii^(a;2)); resulting from the Poisson 
structure on on Connff{u)^x) and the map MT : Conn^(a;^) OPg**^; identifies via 

(8 4) (2 3) 

^Op^'^VOpj(Bx) - isomgop-s anrf Conn5(a;^) ~ MOp-';|^„ 
with the canonical action o/ isomg Qp^g on MOp^'^g^.j^. 

8.12. Proof of Proposition 8.7. The deformation k^j of the level defines a non-commutative 
deformation Sj^n of S^ctH- This endows Sjcrit with a Poisson structure. Moreover, as we shall 
see in Sect. 9.8, the map : 5g — > ^crit is Poisson and has the following property: 

The resulting action of TV^rog on Sj"tft coincides with the one coming from the isomorphism 
•^crft — Endg^_,.j (Wcrit.o) via the construction of Sect. 8.2(1). 

In addition, it is easy to see that the isomorphism, induced by map^g, 

^crit Fun(Conn^(a;^x)) 

respects the Poisson structures. Hence, the same is true for map^^j^^ = r o map^. 
Thus, we obtain a commutative diagram of Poisson ind-schemes: 

Spec(^crit) > Conn^(a;^x) 

mt| 

Spec(5«) Op,(DX), 
and the assertion of the proposition follows from Corollary 8.11. 

9. Lie algebroids and Wakimoto modules 

9.1. Algebroids acting on categories. Lot A be a commutative algebra, and lot f be a 
(topological) Lie algcbroid over A. We shall assume that as an A-module, f is the dual of a 
discrete projective A-module, denoted f*. 

Let C be a A-linear category, i.e., A acts by endomorphisms on every object of 6 in a 
functorial way. In this case one can introduce the notion of action of f on C. This is, by 
definition, the same as an action on C of the formal groupoid 5^, corresponding to f . (The latter 
notion is spelled out explicitly for groupoids in [Ga], and for group ind-schemes in [FG2], Sect. 
22; the generalization to the case of arbitrary formal groupoids is straightforward.) 

A basic example of this situation is when 6 is taken to be the category of A-modules. 

An action of f on C is specified by the following data. For every object M S C there must be 
a functorially assigned extension 

^ M I f ^ actf(M) ^ M ^ 0, 



52 



EDWARD FRENKEL AND DENNIS GAITSGORY 



such that for a e A, the difference between its action on Mf as an object of 6, and the action 
coming from the functoriaUty of actj' and the action of a on M, is the map 

M M f * 

A 

given by the image of d(a) under the dual of the anchor map (A) — » f* . 

The functor actj must, in addition, be equipped with a Lie constraint, which is a natural 
transformation that relates the iteration actj o actj with the Lie bracket on f . This natural 
transformation must satisfy an identity for the 3-fold iteration. We will not spell this out 
explicitly. 

Given an action of f on C, we say that an object M G C if f-equivariant if we are given a 
splitting actj (M) ^ M, compatible with the Lie constraint. 

If Ci and C2 are two categories, acted on by f, there is an evident notion of functor between 
them, compatible with the f-actions. 

9.2. Let us give a typical example of how actions of Lie algcbroids arise in practice. Let B be 
a topological A-algebra. Suppose we are given a topological Lie algebroid f over A that fits 
into a diagram of Lie algebras 

B 



. f" . f . f > 0, 

and we are given a continuous action of f on B by derivations, which extends the action of f 
on A and f" on B. 

Note that in this case we can form a topological associative enveloping algebra, call it B'''^", 
which is universal with respect to the property that B maps to it, as an associative subalgebra, 
and f , as a Lie algebra, in a compatible way. 

Let B mod denote the category of (discrete, continuous) B-modules. 

Lemma 9.3. 

(1) Under the above circumstances we have a canonical action of ^ on the category B-mod. 

(2) Specifying an f-equivariant structure on M e B-mod is equivalent to extending the 'B-action 
on it to a W^'^-action. 

We will use the following general construction. 

Let Bfi be a flat C[h] family of topological associative algebras; set Bo = Br/S • B^, and let 
Z be the center of Bq. As in [BD], Sect. 5.6, Z acquires a natural Poisson bracket. 

Let A C Z be a (closed) subalgebra, closed under the Poisson bracket, and let I C A be an 
open Poisson ideal; in particular A'''^^ a/I is a discrete Poisson algebra. We will assume, 
in addition, that the multiplication map Iigil ^ I is a closed embedding, and that I/I^ is the 

A 

dual of a projective A''°S-niodule. Then I/I^ is naturally a topological Lie algebroid over A''®^. 
Denote B^'^s :=Bo/Bo-I. 

Proposition-Construction 9.4. 

(1) Under the above circumstances, the A'''^^-linear category B^'^'^-mod carries a natural action 
0/I/I2. 

(2) // Mn is a fiat family of Hn-modules, such that the action of I on Mq := M/H- M is zero, 
then, as an object of -mod, Mo is naturally l/t^ -equivariant. 
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Proof. Let be the C[fi]-submodule in the locahzation of B?j with respect to H, formed by 
expressions where bo := b^modfi G I. Set B" = B^/fi • B^. It fits into a short exact 
sequence 

^ Bo/I ^ B« ^ I ^ 0. 

The algebra A acts naturally on B« by left multipUcation. Set B^ := B"/! • B". 
By the assumption on I, we have a short exact sequence: 

(9.1) ^ B'^e ^ ^ I/I^ ^ 0. 

This brings us to the context of Lemma 9.3 with f = I/I^ and f = B''. 

□ 

We will apply the above Proposition-Construction to topological associative algebras, at- 
tached to chiral algebras at a given point of a curve. We should remark that one can avoid 

dealing with topological associative algebras and instead of using Proposition-Construction 9.4, 
one can work directly with chiral algebras, as was done in [FGl], Sect. 4: 

Let "Bfi be a C[fi]-flat family of chiral algebras. Denote !Bo = "Sin/fi- 23^, and let 3(23o) be its 
center. It is known that 3(^0) acquires a natural coisson structure. 

Let yi be a (commutative) chiral subalgebra of 3(23o), and we will assume that A is stable 
under the coisson bracket. We will assume that A is smooth; in particular, the module ^1^{A) 
is projective as a,A^ Dx-module. 

Let Ho -modrog denote the full subcategory in the category of chiral 'Bo-modules, supported 
at x, on which the Lie-* action of A is zero. By definition, this is a yij;-linear category, where 
Ax denotes the fiber of A at x. 

We claim that under the above circumstances, we have a naturally defined action of 

N*^^^^^:^H%^i'Dx,n\A)) 

on the category 'Bo-modrog. 

Indeed, by proceeding along the lines of Proposition- Construction 9.4, one can produce a 
Lie-* algebroid over A, denoted "B^, that fits into a short exact sequence 

^ 'Bo/A ^ 3^ ^ n^{A) 0. 

We define the Lie-* algebroid f to be H^ji{1)x, 'S)'), and then apply Lemma 9.3. 

9.5. Let us return to the setting of the affine algebra at the critical level. We will consider 

various categories over the commutative algebra 3™^- 

Let us consider several examples of Bg^^-liuear categories, equipped with an action of the 
algebroid 

1. Let C be QCoh(Fl3 ). The action of the groupoid Isomg on Fl^ defines a natural action 

of Isomg jreg on QCoh(Flj ). Hence, we obtain the action on QCoh(Flj ) of its algebroid, which 
is by definition, isom^, ^reg . 

Evidently, for every w e W the subcategory QCoh(Fl^yj2) also carries an action of 
isorrig. jreg. (But, of course, this action does not come from an action of Isomg y^'--) 

2. Let us now take e = D(GrG)„it ' mod. It carries a natural action of the groupoid 
lsom(j jreg, and hence also of the algebroid isomg ^rog. 

Let us write down this action more explicitly. For (5", {ay}) G D(GrG)^^'^°^ -mod we define 
the corresponding extension actj^^^ (IF, {ay}) as follows. 
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The underlying D-module is the trivial extension 

J (g) (iSOm^ ,rcg)* © J, 
reg "-'>J9 

with the 3g''^-action twisted by map 

The corresponding isomorphisms ay are obtained from the original ones by adding the term 
involving the isomQ ^^"* ■action on V3. 

By construction, the fimctor : QCoh(Fl^) D{GrG)f^j^^°^ mod, defined in Sect. 4.3, 
respects the action of the groupoid Isomg ^reg, and hence of the algebroid isomg yeg. 

One can see the latter compatibility explicitly for quasi-coherent sheaves T that are direct 
images from afHne open subsets of FI3 , using the explicit description of E^(T) in this case as a 
co-equalizer, see Sect. 4.3. 

3. Finally, let us take C = Jcrit -modreg- This example fits into the framework of (the chiral 
algebra version of) Proposition-Construction 9.4 for the C[?i]-family "Bn := ytg^K^^x, and A = 

3(-^B,crit,x)- 

We obtain an action of Nye^^^ on gcrit -niodreg, and hence also of isomg jreg, via the 
identification Ugeom- 

Note that the topological associative algebra B'''*" identifies, by definition, with the renor- 
malized algebra ?7''°"'''°s(5crit)- 

As was shown in [FG4], Sect. 2.9., the functor 

pHeckes . j3(g^^)Hecke3 ^ 0^;^ -mod^eg 

is compatible with the isomg ^^^s-actions. From this we obtain that the functor 

G = pH^'^'^'^a o E : QCoh(Flf ) ^ gerit -mod.eg 
is also compatible with the isomQ ^'"* -actions. 



9.6. Recall the topological algebra f)crit and consider the category merit ® 3g ) -mod, from 

which, we recall, we had the W'akimoto functor to the category gcrit -modreg- We will establish 
the following: 

Proposition-Construction 9.7. 

(1) The category [ hcrit ® 3^^) -mod carries a natural action of NSreg,^ . 

(2) The functor W: ^^crit <H)3fl''^^ -mod —> flcrit -modreg »s compaiiWe m;z</i </ie iVyeg^^ -actions. 



The rest of this subsection is devoted to the proof of this Proposition 9.7. To carry it out 
we need to review the framework in which Wakimoto modules were defined. We will follow the 
conventions of [FG2], Sect. 10. 

For every level k we have the Heisenberg chiral algebra and a chiral algebra, denoted 

o 

D''^{G/B)i^^x, which is isomorphic to the tensor product 
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where D'^^{N)x is the chiral algebra of differential operators on N, which is independent of the 
level. 

In particular, for every i^^.x-module T, supported at x S X, we can consider the 

S'=''(G/B)«,x-module ^"''{N)^ (g) T, where ^"^{N)^ denotes the vacuum module of ^''^{N)x 
at X. 

o 

We have a canonical bosonization map 

[k : ^g,H.,x D''^{G/B)^^x- The Wakimoto functor 
associates at T as above the module 'S)'^''\N)x ® T, regarded as a yig,K,x-module via [k- 

o 

Let us take n = Hcmt- In this case ^)cnt,x equals the center of S)°''(G/-B)crit,J(:- Moreover, we 
have the following commutative diagram; 



-crit.X 

(9.2) f 'c'it 

^crit.X ^ D=''(G/B)„.it,x. 

We apply the construction of Sect. 9.2 for Ha being each of the following three chiral algebras: 

o 

'^fl.KR.x, '^'^'^{G/ B)^^^x and ^Kn-X- (In what follows, we will replace the subscript Kn by just 
h, for brevity.) 

In each of these cases we take A C 3(^0) to be the image of Iq^x '■= 3(^fl,crit,x)- The 
functoriality of the construction in Sect. 9.2 makes the assertion of Proposition-Construction 9.7 
manifest. 



9.8. Let us make several additional remarks on the above construction. 

First, we see explicitly that the homomorphism </? : 3g — > ^crit is indeed a Poisson map, and 
the action of N. on the category 

(Bcrit <8> Sg"^) -mod ~ i^crit.X -modreg 

corresponds to the action of the algebroid A^'^reg on the ind-scheme 

Spec(^erit) X Spec(3;,''^). 

SpecOo) 



Secondly, assume that was a flat family of ij^^x-modules, such that the action of on 
To factors through 3£i''^- 

On the one hand, by Proposition-Construction 9.4(2), Tcrit is naturally TV^rog -equivariant, 

as an object of ^iOcrit <8) Sg''^^ -mod. Therefore, W(Tci.it) is A^yeg^^^ -equivariant as an object 

of flcrit-niodreg, and hence carries an action of [/^'^'''''^(gcrit)- 

On other hand, we can consider the family Mr := W(Tfi) as in Sect. 8.2(3), and hence 
Merit — W(Jcrit) acquires a L''''''"'''''s(5crit)-action. 

The following assertion results from the definitions: 

Lemma 9.9. Under the above circumstances, the two U^'^^'^''^{QcTit)- actions on W(Tcrit) coin- 
cide. 
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9.10. Let us recall the isomorphism of ind-schcmes (4.9) 



Spec(^erit) X Spec(3^°^)^ 4,FC,th.3- 

On the one hand, we have the action of N!r<,f, on the LHS, described in Sect. 9.8. On the 
other hand, we have a natural action of isom,*. ^rog on the RHS. 

Proposition 9.11. Under the identification Ugeom : — isomg y^g the above actions on 

the two sides of (4.9) coincide. 

Proof. Using Theorem 8.4, we obtain that the assertion of the proposition is equivalent to the 
following generalization of Lemma 8.11: 

The action of NX reg .^-,x^ on Conn&(a;iiL>, ) x Opg^^, resulting from the Poisson 

structure on Conn^(a;^x) and the map MT : Conn^(a;2,) — > Opg''^, identifies via 

^5pr70P,(^^) i^°-G.Opr C°^^^(-^x) op,(^x) .LJ^ MOp-'*^'- 

with the natural isomg Qprog-action on MOp^*^*. 

Using Lemma 8.10, this is, in turn, equivalent to the fact that the canonical action 
of isorriQ Qp^^2)x) on M0pg gg^(2)^) is such that the induced action of isorrig Qpreg on 

MOpg_ggjj(D^) X Opg*** is compatible with the action of isom(j Qp^^^jx) on MOpg**^ under 
the map 

MOpj,g,„(DX) X Op^^^^MOp^^^ 

Opj(lix) » « 

The required compatibility follows from the construction of the latter map in [FG2], Sect. 
3.6. 

□ 

9.12. The functor G and algebroids. Let us now return to the setting of Theorem 4.8. Recall 
that by Sect. 7 for every w gW there exists a functor : QCoh(Fl^ ^.j^ 3) QCoh(Fl2 3) 
and an isomorphism 

^„W^ Go^Q. 

We claim now that the functor u,Q is compatible with the action of isomg ^reg. Indeed, this 
follows from the corresponding properties of the functors and G, established above, and 
Proposition 7.3. 

Recall now that the functor has the form 

T ^ ® T, 

for some Fun(Fl^ th,3)-bimodule L^'"*. Moreover, we have shown that -C^"**, regarded as a 
right Fun(Fl,'J^ 3)-module, is a line bundle. 

Corollary 9.13. 

(1) The left and right actions o/Fun(Fl^ ^i^ 3) on L^^^^ coincide. 

(2) There exists a (unique) \5om g y eg- equivariant structure on L^^^^, which induces the above 
\somQ yes -equivariant structure on wQ. 
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Proof. Let us choose a trivialization of iL^"** as a right Fun(Fl^ 2)-inodule. Then the left ac- 
tion of Fun(Fl^ 3) defines a homomorphism 7 : Fun(Fl^ 3) Fun(Fl2 th.s)- The assertion 
of the first point of the corollary is equivalent to the fact that 7 equals the identity map. 

However, the fact that the functor 7* : QCoh(Fl^ ^^,3) ~* QCoh(Fl^ ^j^ ^) is compatible with 
the isomg jreg-action on this category implies that 7 commutes with the action of this algebroid. 
In addition, from Theorem 4.10, we know that 7|piG ^ equals the identity map. 

Hence, 7 is the identity map, restricted to the minimal isomg ^reg -stable subscheme of 

Fl^ th 3 1 that contains FlJ^ 3 . But since this minimal subscheme is Fl^ 3 itself, assertion 
(1) of the lemma follows, while assertion (2) is evident. 

□ 

Thus, to finish the proof of Theorem 4.8, it is sufficient to show the following: 
Theorem 9.14. There exists a canonical isomorphism of line bundles 

r twist ^ r p-w{p) 

that respects the \somQ yes-equivariant structures. 

We recall that the line bundle on the RHS is by definition the restriction of the line bun- 
dle to F1^^jj3; the isomg 3reg-equivariant structure on it comes from the equivariant 

structure on with respect to the groupoid lsom(5 3reg. 

9.15. Some corollaries. Let T G QCoh(Fl2 3) be isomQ 3reg- equivariant. Then by 
Proposition-Construction 9.7, the corresponding Wakimoto module «,W(T) will carry an 

action of the renormalized algebra U'^'^'^''^^^(gciit)- 

Considering i-f,"^^^' (8) T with its isomg 3reg-equivariant structure, from Sect. 9.1 

^'».th,3 Pun(Fie ,^ 3) 

we obtain that g(l^~^^^^ Tj also carries an action of U^^'^'^^iQcrit)- 

V Fl™.th.3 Fun(Fie^j^_3) / 

Now, the fact that the isomorphism of Theorem 9.14 is isomg 3reg -equivariant implies that 
the isomorphism 

\ *'»,th,3 Fun(Flg ^j^ 3) ^ 

of Theorem 4.8 respects the f7''''"'''''S(0crit)-actions. 

As an example let us take T = 0„,(5 . We obtain: 

^'1,3 

Corollary 9.16. The isomorphism 

of Theorem 4-11 respects the U'^^'^''^^^(Qcrit)-0'Ctions. 
Let us give a direct proof of this corollary. 

Proof. By construction, Wf, as an isomg 3reg-equivariant object of D(GrG)CTlt'^''' -mod, is a 

quotient of the direct sum of objects of the form Ind*^'*'^^''^ (iA,*,Gr) ® '^fi^ " Hence, it is 

3j 1.3 

enough to show that each of the morphisms 

r(GrG,ij,,Gro,*) ® -W„it,0 
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is compatible with the U'''™'''''^(0crit)-actions. 

However, the latter morphism is by definition the composition 




where all the arrows are compatible with the U'''**"'''''s(gcrit)-actions (see Sect. 8.8). 

□ 

Let us return to the general setting of Theorems 4.8 and 9.14, and consider the semi-infinite 
cohomology functor 

'M.^H^ (n((t)), n[[i]], M *o) : Scrit -mod^g ^ 3^''^ -mod . 

Recall (sec Section 18.3 of [FG2]) that this functor is naturally compatible with the 
actions on both categories. 

Note, that on the other hand, by Proposition 7.4, the composite functor 

QCoh(Fi:^^,h,3) ^ flcrit modreg ^ 3^;^ mod 

is isomorphic to the identity functor. Moreover, from the construction, it is easy to see that 
this isomorphism respects the -equivariant structures. 

On the other hand, by (7.2), we have a functorial (but dependent on some choices) isomor- 
phism 

F¥(n((f)),n[[i]],„W(T)«)*o) 

for 7 e QCoh(Flf _,i,3). 

Thus, combining this with the assertion of Theorem 4.8, we obtain a functorial isomorphism 

''»,th,3 Pun(Flf 3) 

i.e., a trivialization of the line bundle over Fl^^^ 3- Let us explain what this trivial- 

ization is. 

First, let us observe that the choice of a character amounts to a trivialization of the H- 
torsor LO^.. However, since different choices of \l/o are if[[t]]-conjugate, we obtain that when we 
apply the functor {n{{t)),xy[\t]], ? (g) ^"0) to flcrit-modules that are 7-equivariant, the spaces 
that we obtain for different choices of are canonically isomorphic. In other words, on the 
category gcrit -mod^, the functor ("((i))) ? ® *o) is well-defined. 

For the same reason, if M e gcrit-mod^ is in addition equivariant with respect to Aut(D), 
then the cohomology (n((t)), n[[t]], ? ^0) acquires a Aut(!D)-action. 

Canonically, we have an isomorphism 

(9.3) if^(n((i)),n[[t]],^W(T) 0*0) ^ 7 (^i^'^^^p'^-p^p^ 

Thus, rather than trivializing the line bundle ^-f,^^^^ we need to identify it with 

Fun(Fl2^ij3) (g) L0^^''^~'''^^ in a Aut(D)-equivariant way. It is easy to see that there exists a 
unique such identification, with induces the isomorphism (6.4) over Fl^^. 
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9.17. Proof of Theorem 9.14. Recall the algebroid isomQp'' over the scheme Op^'^'^ (see 

[FG2], Sect. 4.5), and let isom,niip denote the corresponding algebroid over Spec(3g'''')- 

By loc. cit., it preserves the subscheme Spec(5B'*^) C Spec(3g'''')- Hence, the restriction 
isom2niip|gpe(,(3^"S) has a natural structure of Lie algebroid; we will denote it by isom^ ^rcg. By 

[FG2], Sect. 4.5, isom^ jreg identifies with the sub-algebroid of isorriQ ^reg, corresponding to the 

reduction of to B. 

Since B acts transitively along the fibers of Fl^ ^ Spcc(3g'^^), and since the stabilizers of 



1 \5oms,y;<i c 

isorrig ^rog-equivariant isomorphism 

r twist I 

w,3 u! 3 



any point of Fl^ ^ in '5°'^G,3g°'5 ^^'^ '^"-"^s.Sg"'' coincide, it suffices to show that there exists a 

ra A\ ptwisti ^ rP-™(p) 

y^-^) ■^tu Ifi<S , — ■^p,,cS 



of Hue bundles on Fl^ 3. 

Recall that along with the renormalizcd algebra U^°'^''^'^^{gcrit), there exists its version 
Z7'"^"''^"P(gcrit), corresponding to the quotient 3s"'' of 3g (see [FG2], Sect. 7.4). 
As in Proposition-Construction 9.7, we obtain that if 

TeQCoh(Spec(Bcrit ®3fP)' 

is isom^ ^niip-equivariant, then the Wakimoto module W(T) acquires an action of the renormal- 
izcd algebra f/"'*"'""P(5crit)- 

Similarly, if T € QCoh(Fl3 ) is isomg ^reg-equivariant, then G(T) also acquires an action of 

[/■^^"■""p(?crit) ® 3r- 

Recall now the isomorphism 

(9.5) r"-^''^ (Grc, Wi) ^ W,Ht,«,(p)-p,rcg » u^i'-""^'^''^ '^'c^^ 

given by Theorem 4.10. By the definition of iL^™^'. wc obtain an isomorphism of line bundles 
appearing in (9.4). The fact that this isomorphism respects the isotrijj ^reg-action is equivalent 

to the fact that the isomorphism of (9.5) respects the action of i7''*'"''"'P(5crit)- 
This is, in turn, equivalent to the map 

w,3 

of (6.6) being compatible with the J7'''*"'"''P(5crit)-action. Recall that the latter morphism comes 
by adjunction from a map 

(9.6) V„H - AvG[[*]]//(w(£;|-0). 

Thus, we need to show that the map in (9.6) is compatible with the action of [^'^''"'"''^(flcrit), 
where on the RHS it is defined by functoriality as in Sect. 8.2(4). The latter essentially follows 

from the definition of the map (6.6): 

Consider the family of Wakimoto modules ^n,w{p)-pj which is, by definition, induced from 
the ijft^x-module 

TTs / / ^ ^ TtiH'"' ( C^o{w{p) - p) \ 

^ti,wo{w{p)-p) ■— ^"■<^h[[t]]V^ )■ 
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Its fiber at the critical level 

''cnt,wo(w{p)—p) — -'Jcrit 

is supported over Spec (ijcrit <S) Sg''^) , hence, it acquires an action of isom^mip . By the nilp- version 

3g ^ 

of Proposition-Construction 9.7, the module Wci.it,u'(p)-p is endowed an action of /7'^®"'"''P(flcrit)) 
and by Lemma 9.9, this action coincides with the one coming from the family 

We have an ft- family of maps 

Yn - /i'("''(AvG[[t]]/7(Wfi,^(p)-p)) 
and, hence, the correspoding map at the critical level 
(9.7) V„it ^ h'^^^ (AvG[[t]]//(W,Ht,»(p)-p)) 

is compatible with the C/''°"'"''P(0crit)-action. A compatibility of constructions in points 3 and 
4 of Sect. 8.2 shows that the C/''°"'"''P(0crit)-action on the RHS of (9.7) coincides with the one 
coming by functoriality from its action on Wcrit,tu(p)-p via Proposition-Construction 9.7. 

Let iw denote the closed embedding 

FlS,3 - Spec(^fl'-("'('')-'')). 

We have a canonical isom^ ^niip-equivariant isomorphism: 

AvGM]/z(w(i:;(i)-0)^AvG[[*]]/z(W„it..(p)-p) 

The map (9.6) is, by construction, obtained from the map (9.7) and the identification 

L^Wz;fz,,jFun(Flf,3)))^£^--(''). 



u. \^ur*y: Ll"VJ^ ^10,3^ ))- '^Fl'S 3 

Thus, we need to see that the latter is compatible with the isom^ ^-"p'^'Ctions. 

Translating it using the isomorphism map^^j^, we obtain that the LHS of the above expres- 
sion identifies with the line bundle 

over MOp^'"''^. By Theorem 3.6.2 of [FG2], the latter does indeed identify with ^'^^'tX^^. in a 
isomQp'' -equivariant way, as required. 



10. Renormalized Wakimoto modules 

In this section we will study a particular family of gcrit -mod-modules, obtained by a cer- 
tain rcnormalization procedure. We will show that they coincide with Wakimoto modules 
corresponding to some particular quasi-coherent sheaves on the formal neighborhoods of the 
Schubert strata in FI3 . 
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10.1. Recall the context of Sect. 9.2. Let -mod be the category of all (discrete) B?t-modules, 
and let B^-mod-'^' C B^-mod be the full subcategory consisting of C[?i]-flat modules. Let 

(10.1) Bfi-mod^'''''s C Bfi-mod^' 

be the full subcategory, consisting of modules "Nn, for which the action of A on Kq := 'Nfi/fi''^fi 
factors through A''°s. (Recall that in this case DnTq acquires a natural B''''"-action.) 

Proposition-Construction 10.2. The tautological embedding (10.1) admits a left adjoint. 

Proof. For Mr G Br - mod-^' let M.f^ denote its modification spanned by the symbols ^ where 
mn is such that toq G I • Mq. We have a canonical map Mn — * and a short exact sequence 

^ Mo/I • Mo ^ Mf, ^ I • Mo ^ 0. 
Let us denote by Mn ^ M^" the fc-th iteration of the functor Mn ^ M^. The fiber Mq ' 
admits a fc + 1-term filtration ^Mq^^ , such that 

gr^ fMo") ~ V-^ ■ Mo/P - Mo, l<j<k and 



-1 (mS'") ^ 1'= • Mq. 

Moreover, the submodule (m!^'^^ ^ C Mq is annihilated by I. 
Thus, we obtain a sequence of maps 



and we set 



Mr :=limM^*. 



k 

The above computation of fibers of M^" implies that M^**" belongs to B^-mod'^'*^'-^'. It satisfies 
the required adjunction property by construction. 

□ 

For Mn as above, let M.^q'^ denote the B'^'^^.j^odule M^'^'/fi • Mn. By construction, it carries 
an action of BJ®". As a B''''s.uiodule it is equipped with an increasing filtration, labeled by 
positive integers, with 

(10.2) gr^(M;3'"^) V ■ Mo/F+i • Mq. 

10.3. Let us consider the family of chiral algebras f)ri,x\ let f)^ be the central extension of f)((t)), 
corresponding to the point x & X, and let B^ := be the corresponding family of associative 
topological algebras. As in Sect. 9.6, we let I C Bq := iDcrit be the image of ker(30 "5^^^) 
under the map <p : 3fl ^ ^crit- 

For w e let ttr,^ denote the ^s-module Ind^fjj]j(C"'°('"('')-'')). We let ■Kc,it,w denote 

the fiber of tt^i^u, at the critical level. Let tt^^'JJ, be the i^R-module, corresponding to tt^,^ via 
Proposition-Construction 10.2. 

Let 7rJ°i" ^ denote the fiber of tt^'^JJ, at the critical level. By Proposition-Construction 9.4, 
""crH.uj is equivariant with respect to the algebroid ^yotj^^ — 'som^j jreg , which amounts to an 

action of A/'^reg on ttJ^j" ^ compatible with its action on ijcrit ® Sa**^- 

The main result of this section is the following explicit description of tt^^JJ ^ : 
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Recall that Dist^ denotes the quasi-coherent sheaf on FI3 , underlying the left D-module of 
distributions on the subscheme Fl^ 3 . Consider the object 



® Dist^ G QCoh(Fi;;_,h,3)' 



^3 

which we think of as a (ijcrit ® 3a°^)-niodule via the identification (4.9). It is naturally equi- 
variant with respect to isorriQ ^reg ~ Nyes^-^^ ■ 

Theorem 10.4. There exists a canonical isomorphism 



<^,^^^^t^'' ® Dist^ e QCoh(F4h,3), 
compatible with the NSreg,-, -action. 

10.5. Application to Wakimoto modules and BGG type resolution. Let „, be the 

fi- family of Wakimoto modules, induced from i^n,w Applying the above rcnormalization con- 
struction to Bfi = and the module ^n,w with respect to the ideal ker(3g — *■ Sg"^) we 
obtain the renormalized family of Wakimoto modules, denoted W^'^JJ,. 

Let W™f). „ denote the fiber of W^°^ at the critical level. As in Sect. 9.6 we have: 

Lemma 10.6. The lattices W^®JJ, and WR(7r^®^) in the localization ofWfi,w with respect to h 
coincide. 

Hence, in particular, WJ|°fJ. ^ is isomorphic to Wcrit(7''CTi't Moreover, by Lemma 9.9, the 
above isomorphism respects the t/'''''"'''''s(flcrit)-actions. 

Combining this with Theorem 4.8, we obtain an isomorphism of f/''''"'''''s(5crit)-inodules 

(10.3) W-[i,^ ^ G(Dist^). 

Combining Theorem 10.4 with Corollary 4.13 we obtain a right resolution of Vcrit^ 



Vcrit 

whose fc-th term is 



^ , "crit.UJ 

Note that for w = 1 the module Dist^ is just Fim(F1^3) and the corresponding Wakimoto 
module is Wcrit.o- In the case when w is a simple reflection, the modules Dist^, and the corre- 
sponding Wakimoto modules were constructed in [FF3], and the differential 5° was described 
there explicitly as the sum of certain degenerations of the "screening operators" at the critical 
level. It was conjectured in [FF3] that this complex may be extended to a resolution of Vcrit 1 
which is a particular degeneration of the BGG type resolution of Vcrit for generic levels. 

Thus, we have obtained a proof of this conjecture. However, it would be interesting to find 
explicit formulas for the higher differentials 6^ : ^ C^^^ of this resolution in terms of the 
screening operators. 
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10.7. The rest of this section is devoted to the proof of Theorem 10.4. Observe that the pull- 
back isomg grog Ipjg has a natural structure of algebroid on Fl^ ^j^ ^; we will denote it by 

isomg ^ ^.[j. Let isomg ^ c isomg ^ thlri* ^® corresponding algebroid on Fl^ 3 it contains 
isom^^ := isom^ juiplpje as a sub- algebroid. 

Since the action of isorriQ ^ on Fl^^j^ ^ is transitive, from Kashiwara's theorem (see, e.g., 
[FGl], Sect. 7) we obtain the following: 

Lemma 10.8. Let T G QCoh(FlJ5; ^h.s) &e a m,odul6 over isomg ^ Assume that the 0- 
submodule 7* c T of sections supported over Fl^ 3 is isomorphic as a \somg ,^ -module to ^^^6 

for some A e A. Then T is isomorphic to Dist^ as a isomg ^ ^^-module. 

We claim that the conditions of this lemma are satisfied for T = ttJ^JJ. and A = 0. Consider 
the canonical filtration on ttJ^j" ^. For every k we have a map 

"•3 Fun(Flf 3) ^ 

/ ren \ / /"^.ren \ 

which by (10.2) induces an isomorphism 

In particular, we obtain that TTcrit.u; ® Fun(Fl2 3) C ttJJj" ^ equals the subspace 

_RS,-UJo(«<'(P)-P) ' ' 

■'-'crit 

consisting of sections supported scheme-theoretically on Fl^ 3 c Fl^ 3 . 
Hence, it remains to see that 

TTcrit.™ ® 3^^ ^ TTcrit,,,, O Fun(F1^3) 

is isomorphic to Fun(Fl2_3), as a module over isorrijj^^ ~ isom^ ^niip jp^cj . The latter fact 
follows from the nilp- version of Proposition 9.11. 
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